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—— Abstract
Indefinite causal order is a characteristic phenomenon in quantum computation, with examples
including the quantum SWITCH and the OCB process. Not all such processes are believed to be
physically realizable: while some implementations of the quantum SWITCH have been proposed, the
OCB process is suspected to be unrealizable. This difference in realizability is commonly attributed
to constraints imposed by physical causality.

This paper studies such a causality issue in a higher-order setting, proposing a typed lambda
calculus with quantum control and its categorical semantics. Our calculus extends pure quantum
computation with higher-order functions and quantum conditional branching, and it is equipped with
a type system based on intuitionistic BV logic to enforce causality. We also present a novel model
that is closely related to the Caus construction, by which we prove that some physically-unrealizable
processes are not definable in our language.
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1 Introduction

Quantum computation is a computational paradigm that exploits the principles of quantum
mechanics, and it can efficiently solve certain problems that are not efficiently solvable by any
known classical algorithm. Naturally, the scope of quantum computation is constrained by
the operations that quantum mechanics allows. In the standard formalism, a physical system
is represented by a Hilbert space, and the physically admissible transformations between
Hilbert spaces are well understood. Concretely, depending on the class of operations that one
allows, physical processes are modeled by unitary transformations, isometries, or quantum
channels. Furthermore, every physically realizable operation admits a description in terms of
quantum circuits.

However, the situation changes dramatically once we move to second-order operators,
i.e., transformations that take quantum channels as inputs and return a new quantum channel.
Such transformations are called supermaps. As we shall see below, this setting exhibits
novel and intriguing phenomena that do not arise at first order, but many fundamental
questions remain open, including which transformations are physically realizable and how
such operations can be described in an appropriate language.

One such phenomenon is indefinite causal order, of which a prominent example is the
quantum SWITCH [17]. The quantum SWITCH takes two quantum channels A and B as
? Kengo Hirata and Takeshi Tsukad.a;
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inputs and behaves as A o B or B o A depending on a control qubit. In particular, when the
control qubit is in a superposition of |0) and |1), the quantum switch performs a “mixture’

<

)

or “superposition” of Ao B and B o A, hence “which of A and B was executed first” is
not well-defined. There is also research that investigates computational advantages that
exploit this property [5, 16, 20, 21, 36, 37, 53]. Another instance of this phenomenon is
the supermap introduced by Oreshkov, Costa and Brukner [41], which we call the OCB
process. Its remarkable feature is the violation of the causal inequality [13, 41, 46, 55], which
is unviolatable under classical causality.

Although the quantum SWITCH [17] and the OCB process [41] are both interesting su-
permaps exhibiting indefinite causal order, their physical realizability is in different situations.
For the quantum SWITCH, several implementation proposals and experimental results have
been reported [23, 39, 45, 57]. In contrast, to the best of our knowledge, no implementation
or experimental realization of the OCB process has been given, and it is rather suspected to
be unrealizable [6, 46].

The precise boundary between realizable and unrealizable supermaps is of significant
interest, yet remains unclear. To explore the boundary, or as candidates of the boundary,
various classes of supermaps have been proposed.

One of the most fundamental is the class of pure supermaps 7, 6]. This is the class of
supermaps that, when the inputs are “pure” quantum operations, i.e., those involving neither
measurement nor discarding, similarly return a pure operation. The purity distinguishes
between the quantum SWITCH and the OCB process: the quantum SWITCH is pure, but
the OCB process is not. Several other classes have been proposed [22, 42, 55] as subclasses
of purifiable supermaps, i.e., pure supermaps followed by measurements, making purity a
useful baseline notion.

Kissinger and Uijlen [35] and Simmons and Kissinger [51, 52] studied supermaps from
categorical and logical viewpoints. Kissinger and Uijlen [35] have introduced the Caus
construction, which yields a category that can model higher-order causal structure in prob-
abilistic and quantum theories. Simmons and Kissinger [51, 52] showed that the resulting
category provides a model for causality-aware extensions of linear logic, namely BV-logic [25]
and pomset-logic [47]. This provides a striking link between notions of causal structure in
physics and in logic. Hefford and Wilson [28] have extended their work and created a model
which characterizes pure-reversible quantum computation! and proved that their model can
also interpret BV-logic, strengthening the relation of causal structure in the two field.

The above research can be regarded as giving a declarative description of realizable
supermaps. The complementary direction is to ask what kinds of constructions are allowed to
build realizable supermaps. In terms of programming language, this amounts to asking what
kinds of language constructs can be introduced to a programming language for supermaps.

Quantum control is a construction that has recently attracted attention. It is a program-
ming principle for constructing pure higher-order processes [55], allowing a program to form
coherent superpositions of different executions. The quantum SWITCH is the canonical
example of this idea, creating a superposition of different applications of input operations.
Importantly, this mechanism remains causally constrained: it can generate indefinite causal
order, but by itself cannot violate causal inequalities [46, 55], unlike processes such as the
OCB process. Thus quantum control occupies an intermediate regime: it goes beyond
fixed-order higher-order programs while still falling short of processes that violates causal

1 Here, by pure-reversible, we mean the subclass of quantum computation where all first order functions
are unitaries and higher order functions preserves them.
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Figure 1 Causality violation in naive higher-order quantum control in (xx). (Left) The function
f acts as a NOT gate controlled by the qubit z. Each fin and fout represents the input and output
of f. (Right) Applying f to the control qubit itself creates a closed loop.

inequalities. This makes quantum control a natural test case for understanding causality in
pure higher-order quantum computation.

The above-mentioned causal models capture causal constraints on higher-order processes,
but they cannot interpret quantum control at least in an evident way. This paper studies
the causality in the coexistence of quantum control and higher-order functions.

New Causality Issue in Higher-order Programs. The first contribution of this paper is
to identify a new causality issue arising from the combination of quantum control and
higher-order functions. Quantum control, exemplified by the controlled-U gate (that applies
U when the control qubit is |1) and acts as the identity when the control qubit is |0)), is a

fundamental ingredient of quantum computation and also underlies the quantum SWITCH.
However, a quantum-controlled higher-order function gives rise to nontrivial causal problems.

We use the notation qif M then N else No for the syntax of quantum control in our
language to represent positively controlled N7 and negatively controlled Ny by a qubit
M in analogy with classical conditional if M then Nj else Ny. For example, the term
qif z then Xy else y represents controlled-NOT gate applied to qubits z and y, where X
is the NOT gate that flips |0) to |1) and vice versa. In contrast to the classical case,
qif z then Xy else y should have the tuple type gbit ® gbit rather than just gbit since the
control qubit should live after the execution of the term.

A naive generalization of this construct to possibly higher-order N; and Ny would have
the following typing rule:

' M: gbit "N A I"FNy: A
I',T' - qif M then N; else Ny: qbit ® A (%)

This naive typing rule for quantum control allows some physically unrealizable program to
be typed, when A is higher-order.
The following program reveals a critical issue:

letz’ ® f: qbit ® (qbit —o gbit) = (qifx then X else id) in f(2'): gbit. (k)

In this program, the qif term first generates a X gate controlled by a qubit x, that is CX gate.

It assigns the target X gate to f, and renames the control qubit to z’. Then, it applies f to x’
itself. This implies that the qubit x used for control must again be used as the target qubit
of the CX gate. As illustrated in Figure 1, this results in a closed timelike curve, violating
causality.

It is also possible to explain the problem of the program () without appealing to
diagrammatic intuition. Let Hilb be the category of finite-dimensional Hilbert spaces and
all linear maps. Since Hilb is a compact closed category and has the coproduct gbit =141,
the above program can be interpreted in Hilb in the standard way. The resulting denotation
is a linear map C? — C2. We give an explicit description of this linear map. For z = |0),
we have 2’ = |0) and f = id, so the outcome is f(z’) = |0). Similarly, for x = |1), we have
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2’ =1) and f = X, so the outcome is f(z’) = |0). So the denotation of the above program

1 0
unitaries, the above program is not physically implementable.

1
is ( O). However, since physically realizable linear maps of type gbit —o gbit are only

Simmons and Kissinger’s Causal Logic. The above discussion shows that, when the type
of the control target A is a function type, allowing interaction between the control qubit
and the controlled function leads to a problem. Hence, we need a mechanism that properly
regulates such interaction.

To clarify what kind of mechanism would be required, let us examine how quantum
conditionals controlling functions could be implemented. A point is that, although it is
unclear how to implement qif x then X else id, it is clear what is qif x then X L else id L
for given L, which is the controlled-X gate applied to (x,L). Our idea is that a quantum
conditional branching that controls functions should not be executed immediately; instead,
its execution should be deferred until the argument of the controlled function is determined.
Guided by this intuition, we design a type system that avoids the above problem.

The above discussion suggests that the type of qif M then N else N5 should not be
gbit® A, but rather a type expressing that “gbit becomes available only after A.” Fortunately,
a logical connective with precisely this intended meaning have already been studied, namely
the seg-connective < from pomset logic [47] and BV-logic [25]. These logics are both based
on multiplicative linear logic (MLL) with MIX rule, conservatively extended by adding A <1 B
whose intuitive meaning is the causal relation “A happens before B”.

By adopting this idea, we can now fix the typing rule (%) to the following by restricting
the usage of the control qubit to only after A is “resolved” (where A> B := B < A):

'+ M: gbit I'EN;: A I"EFNy: A
I,T' I qif M then N; else No: gbit > A

We shall prove that this new typing rule actually solves the problem.
However, this mechanism is too restrictive on its own. For example, the following circuit

Pany
X \u

A
y o

is obviously physically realizable, but the corresponding program
let (2/,y") = (qif 2 then Xy else y) in (qif y' then X2 else 2”)

is not well-typed, since for (z’,y’): gbit &> gbit, the first gbit 2’ will be only available after
the second gbit 3’ has been consumed.

Here, a concept of first-order proposition introduced by Simmons and Kissinger [52] comes
into play. The idea is to equip a “causally simple” proposition with the attribute “first-order”
and to admit the following additional rules for first-order propositions (where F' is first order
and A is arbitrary):

FRA < FaA FRA < Fp A

Simmons and Kissinger’s causal logic [52] is pomset logic [47] enriched with the notion of
first-order propositions. In causal logic, by considering gbit as a first order type, we have the
type isomorphism qbit ® gbit <= gbit > gbit, which solves our concern.
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Based on this intuition, this paper proposes a higher-order quantum programming
language with quantum conditional branching, equipped with a type system grounded in
causal logic. For technical reasons, our type system is based on a weaker version of causal
logic, namely intuitionistic BV logic [3] extended with the notion of first-order propositions.
We show that the type system behaves as intended: every program of type gbit —o gbit
denotes a unitary transformation (Proposition 39).

Our type system is important not only because it resolves the aforementioned issue
concerning causality, but also because it provides new evidence for the relevance of causality-
aware logics to higher-order quantum computation. Previous work showed that structures of
causality-aware logics can be found in causal models motivated by quantum computation.
This is undoubtedly an important observation. However, it was not clear whether these
structures appeared merely incidentally, or whether they are essential to higher-order quantum
computation. This paper demonstrates that causality-aware logics can play an active role in
solving a concrete problem, thereby providing new evidence for their relevance.

Categorical Model. We also construct a new categorical model. This model is used
to prove the soundness of our type system, and it also answers the previously-mentioned
question of whether one can build a model consisting solely of pure supermaps.

Our construction is motivated by the Caus construction [35, 51, 52]. It is a categorical
construction that produces a model of causal logic (hence models BV-logic and pomset-
logic) from a compact closed category with some additional structure, called discarding
maps F4: A — I. A particular example of such category is CPM, which is the category
of completely positive maps. By the Caus construction, we can construct the category
Caus[CPM] that can capture the causal structure of supermaps.

However, this category is insufficient for two reasons: (i) it does not rule out non-pure
supermaps, such as the OCB process; and (ii) it does not interpret quantum conditionals.
In particular, the latter is critical. Let us consider the program qif  then U y else y, whose
semantics should be the controlled unitary CU. To define a compositional semantics, we
should be able to construct CU from U, but the map U — CU = (|]1X1| @ U) + (|0X0| ® id)
turns out be not completely positive because it respects global phases.

Our idea is to leverage the connection between Hilb and CPM: we define CausHilb
as the pullback of Caus|[CPM| — CPM via Hilb — CPM. A high-level categorical
argument establishes that CausHilb carries the expected logical structure.

Related Work. Some closely related work has already been discussed above.

The quantum SWITCH was first discovered in [17], and later, many different kinds of
supermaps with indefinite causal order have been found, including the OCB process [41], the
Lugano process [9, 10], and the Grenoble process [55].

The class of supermaps that are smaller than pure supermaps includes extensibly causal
maps [42, 22] which are maps that do not violate causal inequality [1, 13, 10], and QC-QC [55]
which is defined as a specific procedure to create a superposition of causal order. The QC-QC
is included in the class of extensibly causal maps, but equality of these two classes remains
an open problem. Our approach is also different from these studies in that we can describe
classes of higher-order functions. We also conjecture that the supermaps expressible in the
language we present define a subclass of these two classes.

Pomset-logic was introduced in 1997 [47, 48] as a logic whose correctness is defined by
proof-nets. On the other hand, BV-logic was introduced in the series of papers “A system
of interaction and structure” [25, 54, 40, 14, 26]. The first paper [25] introduced BV-logic
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in 2007, and the second paper [54] discussed the necessity of deep inference. The third
paper was initially intended to prove the equivalence of pomset-logic and BV-logic. However,
although this had long been believed, it was disproved considerably later, and this negative
result for the conjecture became the third paper [40] in 2023. The fourth [14] and fifth [26]
papers concern exponentials. An intuitionistic variant of BV-logic was published recently
in [3]. There is prior work relating these logics to the m-calculus [2, 31], but, to the best of
our knowledge, this is the first paper to incorporate BV-logic into a programming language
via the Curry—Howard correspondence in a setting not based on the m-calculus.

Apart from the Caus construction, there are some categorical studies of supermaps. In [27],
Heffords and Wilson have studied semantics of supermaps based on strong profunctors, and
in [28], they also studied the Chu construction [8], which is known as a general construction
that creates a *-autonomous category from a monoidal closed category, and yields a BV-
category from a duoidal category. Other than that, Li and Zamdzhiev [38] have studied the
BV-structure in the category of operator spaces.

There is also a study that relates causal relations in physics with linear logic in [30, 33].
These work can be compared with causal logic [52]. These studies appear to be based on
similar concepts, yet the structures of union and intersection seem to differ.

Outline. We first review some preliminaries in Section 2, and review BV logic in Section 3.
In Section 4, we introduce our language A% together with a simple (degenerate) denotational
semantics in Hilb. In Section 5, we define our categorical model of pure supermaps and
show that it is a BV-category. Finally, in Section 6, we study the semantics of A% in detail:
we prove a full-abstraction theorem and investigate term definability.

2 Preliminaries

2.1 Linear Logic: Proof Systems and Models

In this section, we briefly review the terminology and background on linear logic that will be
used throughout the paper. For further details, we refer the reader to the standard literature.

Linear logic, introduced by Girard [24], is a logic in which the structural rules of weakening
and contraction are not freely available. This restriction corresponds to disallowing discarding
and copying, and for this reason linear logic is often described as a resource-aware logic.

Linear logic has several well-known fragments. One of them is multiplicative intuitionistic
linear logic (MILL), which features the connectives ®, —o and the unit I. One may view ® and
—o as linear analogues of pairing and functions, and compare them with conjunction A and
implication — in ordinary logic. A crucial difference, however, is that ® is not idempotent,
i.e., A and A ® A represent different amounts of resources. In particular, A ® B F A is not
derivable, since B cannot be discarded. The Curry—Howard-Lambek correspondence between
MILL, the linear lambda calculus, and symmetric monoidal closed categories is well known.

A larger fragment containing MILL is multiplicative linear logic (MLL). It can be seen as
extending MILL with negation A+, which allows one to define 7%, the De Morgan dual of ®,
as A® B := (At ® B+)*. The categorical structure corresponding to MLL is a x-autonomous
category, which is defined as follows.

» Definition 1. A x-autonomous category is a symmetric monoidal closed category (C,®, I, —o)
equipped with a fully faithful functor (—=)*: C°? — C and a natural isomorphism A — B* =
(A® B)*. <
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In particular, among x-autonomous categories, there is a somewhat degenerate class known
as compact closed categories. These are categories in which the two monoidal structures ®
and % coincide. They can be defined as a monoidal category with unit I — A* ® A and
counit A @ A* — I satisfying some axioms.

It is also common to extend MLL with the rule A® B+ A% B. This rule is called
the MIX rule. Categorically, it corresponds to equipping a x-autonomous category with a
morphism | — [ satisfying the appropriate coherence conditions. In particular, when this
morphism is an isomorphism, such a category is called an isoMIX category [19].

2.2 Basics of Quantum Computation and Supermaps

In this section, we briefly review basic notions from quantum computation. For precise
definitions, see, for example, [50, 49].

A (pure) quantum state is represented by a norm-1 element of a Hilbert space. In this
paper we restrict attention to the finite-dimensional setting, so a pure state is a vector v € C™

with |lv|| = 1. We write the standard basis vectors eg,...,e,—1 € C™ as [0),...,|n —1).

For qubits, the basis states |0) and |1) are often identified with the Booleans false and
true. Unlike the classical case, a qubit state need not be |0) or |1); it can also be any linear
combination « |0) 4+ 3 |1), called a superposition state. In quantum computation one also
considers mized states, which represent probabilistic mixtures of pure states. Mathematically,
a mixed state on C" is a density matriz, i.e., a positive semidefinite operator p € C"*™ with
Tr(p) = 1. Equivalently, p can be written as a convex combination of rank-one projectors:
p = >_;pili)Xs| where p; >0, Y .p; =1, [[1;]] = 1. A pure state [¢)) corresponds to the
special case p = [¢))(v)|, which has rank 1.

To describe general state transformations, we use quantum channels. Formally, a quantum
channel is a completely positive trace-preserving (CPTP) linear map ® : £L(C™) — L(C™),
where £(C™) denotes the set of n x n matrices. A particularly important subclass consists of
channels that preserve purity. Such a channel is implemented by an isometry V : C* — C™
satisfying VIV = I, via ®(p) = VpV'. We refer to these as pure channels. Every channels
can be decomposed to pure channels followed by some qubit discardings.

We also consider higher-order transformations that take quantum channels as inputs. In
particular, it should preserve the trace-preserving property. Moreover, when represented in
a matrix form (e.g. via a Choi—Jamiotkowski-type representation), the supermap itself is
completely positive. Following the definition in [56], we define pure supermaps as a linear map
S: (®2[:1 L(A;) —o L(B;)) — L(A) — L(B) such that for all auxiliary (finite-dimensional)
Hilbert spaces X; and Y; and isometry operators f;: A;®X; — B;®Y;, the partial application
to S described as follows defines an isometry A ®; X; — B ®; Y;:

? Y Y,
By By
S f1 fo
A Ay
I
A X, X5

2.3 Definition of Basic Categories

We define two basic categories Hilb and CPM which are both standard model of quantum
computation. Both categories are compact closed.
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» Definition 2. The category Hilb consists of the set of objects Ob(Hilb) = N where the
maps Hilb(n, m) is defined by the linear maps C* — C™.
This category Hilb is compact closed where the structures are defined as follows:

The monoidal unit is 1, and the monoidal product of objects n ® m is n X m.

The monoidal product of maps are defined by the tensor product, i.e., for linear maps
f € Hilb(n,n') and g € Hilb(m,m'), when fi) =3, ar [i') and g|j) = >, B i),
let ( @ ) (1) @ 13)) = Ty v By (1) © |37).

The monoidal structure is strict: the associater a: (AQ B)@ C — A® (B® C) and
the uniters £: I @ A — A andr: A® I — A are identity.

The dual of an object is itself n* = n, and the dual map f*: m — n of amap f: n — m
is defined by the transpose.

The unit map n: 1 — n ® n and the counit map £: n ®n — 1 are defined as follows:

n:Le= 300l @), et [i) ®15) — dij
It also admits finite biproducts defined by n @y m :=n + m. <
» Definition 3. The category CPM has sequences of natural numbers it = (ny,...,ng) as

objects, and each map f € CPM(7,m) is defined by a matriz of maps (fi;): i — m where
fij: L(C™) — L(C™3) is completely positive. The composition is defined by the matriz
multiplication, i.e., (gre) o (fij) = (32, gje © fiz)-

This category is also compact closed with the following structures:

The monoidal unit is (1), and the monoidal product i ® M is given by
(nimq, nima, ..., NyMyg, NoM1, ..., NEMy).

The monoidal product of morphisms (fi;) ® (girj/) is defined by the pointwise Kronecker
product of CPMs (fi;j @ girjr).

It is strict monotdal.

The dual of an object is itself i* = 7i, and the dual of (fi;) is defined by (f};) where f7;
is the transpose of fi;.

The unit and counit are defined by (m,;;) and (g,51) where

S L= 3k vef0,. a1y KX @ [kXE ifi=j
" 1—0 otherwise,

S |k)E| @ [k W[ = Og g0 if i =
o [kXl] @ |E' X' — 0 otherwise.

It also admits finite biproducts defined by the concatination of sequences THcpm M = 1m. <
These two categories are related with the following embedding functor.?

» Definition 4. There is a functor v: Hilb — CPM that sends n to (n) and f to the map
\p. fopo ft. This functor preserves all the compact closed strucuture on the nose, but it
does not preserve biproducts. |

2 We call this functor embedding since it embeds pure quantum computation into general quantum
computation even though it is not full or faithful.
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Since these two categories are compact closed, they can model a linear lambda calculus.

The category Hilb can interpret pure quantum computation: the semantics of the qubit
type can be defined by 2 = 1 ®gy1p 1, where a state of a qubit I =1 — 2 corresponds with
a vector, and the semantics of a program can be given as a linear functions. On the other

hand, CPM can interpret any quantum computation including measuremets or discardings.

Through the embedding functor ¢, the pure quantum computation can also be interpreted in
CPM. Additionally, the semantics of Booleans can be defined by (1,1) = 1 ®cpm 1, and
the measurement and discarding maps are defined as follows:

m = (PZ‘)Z‘:LQZ (2) — (]., 1) Tn = (Trni)izl ’’’’’ Kk 7 — (].)
where P;: M +— M, where Tr,,: M +— Z;nzl Mj;.
3 BV-logic

In addition to linear logic, BV-logic [25] and pomset-logic [47] introduce a non-commutative
and self-dual connective < called seq or before to the logic. That is, for each pair of
propositions A and B, unlike other connectives such as ®, %, & or @, there is no symmetry

rule A<lB = B <A, and it admits De Morgan duality with itself (A<tB)!t <= A+<B*t.

Both BV-logic and pomset-logic are conservative extensions of MLL + nullary and binary
MIX.

BV-logic can be seen as a linear logic with causality relation, where A << B means A
happens before B. We list below two illustrative derivations in BV.

A®B +F A<dB + AXB (A<C)® (B<D) + (Ao B)<(C® D)

In linear logic, A ® B can be understood as a pair of resources A and B. Here, in BV-logic,
we can additionally assume A ® B as a pair without causal ordering. Therefore, the first
derivation above A ® B F A <1 B can be interpreted as “from a pair of resources A ® B, we
can force a causal relation to obtain A <t B”. Dually, A% B can be understood as a pair with
some causation. So A << B+ A% B can be interpreted as “by forgetting the detail of causal
relation A <1 B, we obtain a pair of resource with unknown causation A % B”. The second is
the interchange rule, which can also be understood similarly as, “by assuming extra causal
relations from A to D and from B to C, we can obtain (A ® B) < (C ® D) from A< C
and B < D”. Similar interchange rules also appear in other logic literature that addresses
causality in a context of concurrency [29, 44].

BV-logic is famous for its style of inference rules called deep inference [54]. Deep inference
can be seen as a special kind of sequent calculus, and adopted by BV-logic to admit cut
elimination. While usual sequent calculi have rewriting rules that only pattern match the
outermost connective of a formula, deep inference allows one to pattern match a formula
recursively at arbitrary depth, described as follows:

AFB S{}={}|AS|S®A|AxS

where

S{A} F S{B} | SA9A| ABS | ST A

3.1 Intuitionistic BV

Since we use a logic in this paper to define a type system for a lambda calculus, it is natural,
via the Curry-Howard correspondence, to consider the intuitionistic variant of BV logic.

Intuitionistic BV-logic (IBV) was introduced in [3]. In IBV, we have —o instead of % as
in MILL. IBV is proven to be a conservative extension of MILL. It is also defined by deep
inference rules so that it admits cut elimination.
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AL A I''A,B+-C reA I'+B I''AFB r=A I',B+-C
INA® BEC INI'-A®B 'HrA—-B NI, A—-BFC
A 'rA I'A-B INA+B I'C+D
T FI<l
IIFA I\I'+~B T, A<«C+-B<D

'A<C T'F-B<D I'(A—C)<(B— D)
INI"H(A® B)<(C®D) I'-(A<B)— (C<D)

(A<B)<xCH A< (B<C)

Figure 2 Derivation rules in sequentIBV.

We present a simplified sequent calculus sequentIBV for IBV in Figure 2. Instead of
having deep inference rules to admit cut-elimination, we rather define it as a usual sequent
calculus. This also allows us to significantly reduce the number of rules which were needed in
IBV to comprehensively represent all normal forms. As we will see in the next section, the
correspondence between proofs and programs becomes much clearer in this simpler sequent
calculus style definition.

As expected, sequentIBV and IBV have the same expressivity.

» Proposition 5. A+ B is derivable in sequentIBV if and only if A — B is derivable in
IBV [3].

Sketch of Proof. Checking that all sequents in IBV are provable in sequentIBV is easy.
One can also check that all basic derivations in IBV can be also proven in sequentIBV. To
check that all derivations in IBV that use the deep inference principle in the proof are also
derivable in sequentIBV, it suffices to prove that, in sequentIBV, if X Y is derivable, then
S{X}+ S{Y} (or S{Y'} F S{X} if the hole in S is at the negative position) is also derivable
for each following S defined by

S{}:i={}]A®S|S®A|AqS|S<a9A|A—=S|S—A

For example, if S = {-} <1 A, this can be done as follows:

s
XY AFA
X<aAFY A . |

3.2 First Order Proposition in Causal Logic

Simmons and Kissinger [52] defined causal logic as an extension of pomset-logic obtained
by adding first-order propositions. This is a particularly natural extension: for example, in
the proof-net style proof of linear logic, it is shown that, in an appropriate sense, adding
the seq-connective is equivalent to adding first-order propositions [52, Proposition 4.13].
Concretely, these first-order propositions satisfy the following.

VA: first-order, A B4+ A<B and B<A-1+BZRXA

Recalling that AQ BF A< BF A% B is already derivable in BV or pomset-logic, this means
we can prove the converse if we assume first-orderness for some propositions. Such first-order
propositions can be seen as “data without input” or “data without past”. So, when A is
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Types A,B d(eNt)| L| A®B| A<B| A—B

First-order types F : FO d| L | F®F|FQF

Terms M,N == z| ()| XM | MN|M®N
| let  =MinN |letz@y=MinN
| M<N |letx<y=Min(Ny < N3)
| assocy (M) | assocq(M) | interch(M)
| await(M) | expose(M)
| [f1110) | U | qif M then Ny else Ny

where f in [f] is a type isomorphism, defined at (1).
Abbreviations: qbit:=2, (letxa =M in N):= (A x. N)M, A>B:=B<JA.

Figure 3 The syntax of A*".

first-order, the causal relation A <1 B says “B can be obtained after A is obtained”, but since
there is nothing to wait to obtain A, this is simply the same as having a pair A ® B.

In particular, in our intuitionistic setting, we can replace B <A -+ B?® A with B —
(C<A) = (B — C) < A, where the left-to-right implication is always possible.

4 Language for Pure Quantum Computation

We now present our language A%". Our language is pure (measurement-free), higher-order,
and has quantum conditional branching. We also have a type system inspired by IBV, so we
have the < type representing causal ordering.

4.1 Syntax

We define the syntax of our language A¥" in Figure 3.

Types. For the types, we have d (a positive natural number) that represents qudits, which
are quantum data types of d dimensions. Our language is based on Intuitionistic BV-logic,
and has ® (tuple type), L (unit type), < (causal ordering), and —o (function type). We have
first-order types, corresponding to first-order propositions. The atomic types d and L are
first-order, and they are closed under ® and <1, but not under —o.

Terms. In our language A, we have terms that are derived from linear lambda calculus,
BV-logic, and pure quantum computation.

In the first two lines of Figure 3, we have some terms taken from standard linear lambda
calculus. We have x (variable), () (the value of the type 1), Az.M (lambda abstraction),
M N (function application), M ® N (pair of terms), and two let bindings corresponding to
1 and ®. The usual let binding can be derived as (Az.N)M.

In the next two lines, we have some terms derived from BV-logic. We have M < N
(causally ordered terms) and a let binding for <. We also have explicit associators assocy
and assocj for <, which are the inverse of each other. The term interch corresponds to the
interchange rule in BV-logic.
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Nz: AFM: B 'M:A—-B I'FN: A
x: ARz A F(:L
T'FXe.M: A— B L I'-MN:B
'EM: A I'+-N:B '=M: 1 I'FN: A
I T'FM®N: A® B I T'Flet —MinN:A
IFM:A®B  a:Ay: BIT'FN:C IFM:(AaB)<C
IIFletr®@y=MinN:C I'tassocy(M): A< (B<C)
SEQ-INTRO
T-M:A<(B<C) I-M:A T'FN:B
I'kassoci(M): (A< B)<C INIYFM<N:A<B
LET-SEQ

I'n-FM: A< B z: A1 Ni: C y: B,y F No: D
FO,Fl,Fgl—Ietxﬂszin (N1<]N2)ZC<]D

INTERCH AWAIT
I'M: (A<C)® (B<D) I-M:A<B  A:FO
I'Finterch(M): (A® B) < (C ® D) 'k await(M): A® B
EXPOSE TYPE-1SO
I'-M:B—-(CaA4) A:FO fiA~B e
I'F expose(M): (B— C) <1 A FIf]:A—B F10):d
UNITARY QIF
U: C" — C"; Unitary ' M: gbit I'Ny: A I"F Ny: A
FU:n—on I, T’ I~ qif M then Nj else Ny: gbit > A

Figure 4 Typing rule of \%F.

The terms await and expose are the special rules for first-order types, which will be
explained along with the typing rules in Section 4.2.

In the last line, we have some quantum primitives. We have |0) (qubit initialization),
U (unitary map), and qif (quantum conditional). We also have a casting [f] along a type
isomorphism f: A = B, where type isomorphism is defined as a congruence relation as

121, n®@m=nxm. (1)

4.2 Typing Rules

The typing rules for A%" are given in Figure 4. Typing rules for terms derived from linear
lambda calculus are standard and can be found in the literature.

We explain the terms that are derived from BV-logic. The two associators have the type
as expected. With the typing rule SEQ-INTRO, we can introduce a term of <I-type. This rule,
for example, allows us to derive a term of type A® B — A < B as

Flx.lety®@z==xin(y<z2): AQ B— A< B.

With LET-SEQ, we can destruct a term of type A <« B. This corresponds to the functoriality
of <1. The rule INTERCH corresponds to the interchange law in BV-logic. Notably, from this
rule, we can also derive its dual, as in Figure 5.
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IFM:(A—C)<a(B—D)
Iz: ABFM®z: (A—-C)<(B—D))® (A< B) y: (A= C)@ Ak let---: C
T,2: A BFinterch(M @ z): (A —C)® A) < ((B— D)® B) z: (A—C)®AkFlet---: D
I'FXz.lety <z = (interch M ®z) in (lety1 @y2 =y iny1y2) < (letz1 @ 22 = zin 21 22): (A< B) — (C < D)

Figure 5 A term corresponding to the dual of the interchange rule

The AWAIT and EXPOSE rules are the rules that are not derived from the original BV-logic,
but from the extension of adding first-order propositions. Intuitively, with the term await, if
A is first-order, we can obtain a pair of data A and B from causally ordered data A < B
by “waiting” for the computation that produces A to finish. On the other hand, with the
term expose, again if A is first-order, we can “expose” the output data A from a function
B — (C < A) before it is actually executed, but with a restriction that says A has to be
used after the function B — C' is resolved. Note that EXPOSE is the only structural term
with no corresponding one when we replace every occurrence of <1 with ®.

In the remaining terms, we have TYPE-1SO for type casting, QINIT for qudit initialization,
and UNITARY for unitary maps. The last rule QIF for quantum conditional statement is
notable. The qgif term takes a gbit as an input for the condition, and returns data of the
type qgbit > A, creating the superposition of Ny and N; of type A. An intuition behind this
typing rule is that, since the control qubit is required in the execution of A, we have to
wait until A is resolved to reuse the control qubit. In fact, for example, when A is given by
By — By —o - -+ B, —o n, the return type gbit > A has the following equivalence of types

qbitDA = qbitD(Bl—OBQ—0~--Bn—on) = Bl—O(qbltDBQ—OBn—OTL)
= By —oBy—---B, —(gbiti>n) = B — By —o ---B,, — (qbit ®n),

which means that the control qubit is returned only after the execution of A is complete.

Note that this equivalence relies heavily on the fact that gbit is first-order.

» Remark 6. We defined the type of qif by gbit > A based on IBV (®, —, <1), but we could
instead define the type as gbit % A and adopt classical MLL types (®,%). Indeed, we can
have a similar type equivalence with this definition.

gbit® (B — By —---B,, —on) = Bj — By—---B, — (qbit%¥ n),

Using qbit % A instead of gbit> A can be justified by a law of causal logic, gbit> A = gbit % A.

The reason why we use IBV and causal logic is as follows. First, classical MLL involves
computational complications arising from its classical nature, whereas the intuitionistic
system IBV is easier to relate to programs. Second, a type system based on classical MLL
needs an additional isomorphism gbit %' n = gbit ® n, of which justification cannot be found
except for causal logic. Third, we also believe our explanation that “the control qubit should
live after the execution of the branches” intuitively motivates the introduction of <. |

The next proposition states that our language covers all derivable proofs in IBV.
» Proposition 7. Each sequentIBV derivation has a corresponding term in A, <

» Remark 8. Since sequentIBV does not admit cut elimination, our language based on it does
not have a natural operational semantics. The language we propose is intended for writing
supermaps, and given that not every supermaps inherently possess a natural operational
meaning, we deliberately choose not to attempt to define an operational semantics in this
paper. <
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4.3 Examples

» Example 9. In our language, we can define the following term SWITCH that makes the
superposition of the order of two function applications as the quantum SWITCH [17]. We
write g o f to mean Ay.g (fy).

z:gbit, f,g: A—o A qifzthengo felse fog : gbit> (A — A)

When A = d for some d € NT, we will later see that the semantics of this term actually
defines the quantum SWITCH. In this case, the type equivalence above means that this term
is essentially equivalent to the following term

x: qbit, f,g: d — d F Ay.await(qif z then g (fy) else f (gy)) : d —o (qbit®@d)
where the variable y now appears as an input to the term. |

» Example 10. Let us assume that we are given two functions ' M: A —0 A’ ® C and
I N: C®B — B, and we want to connect these via C as in the following circuit.

A— B—n

M—C N
B B’

In our language, we can describe this term with the type (A — A’) < (B —o B’), reflecting
the fact that information flows only from A = (A — A’) to B = (B — B’). To do so, we
assume that C' is first-order, ensuring that no information flows backward through the output

C of M. Then we can derive the following terms.

I'+ expose(Aa. leta’ @ c=Maina <c): (A— A)<C
I F A Ab. N (c®b): C —o (B —o B')

Let us denote these terms asT'H M’: A<C and IV F N’: C — B. We also have the following
term z: C' < (C — B) - L: B.

2:C<(C—B)kFlete® f =await(z) in (fc): B
Then we can derive the following

I,I'FM aN': (A<C)<(C —B)
I,T" - assoc (M’ < N'): A< (C < (C — B))
I'T"Fleta<z =assocy (M’ < N')in(a<tL): A<B

which has the desired type. <

» Example 11. Let us assume we are given a supermap I' - M : (A — B) —o C' and a map
I"EN: A® A’ — B® B’, and we want to connect them via A and B as in the following
image to obtain a map of type A’ — B’ ® C.

Al N |B
Mc
M
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We first assume that B’ is first-order. Then we have the following terms M’ and N'.

THM<a(): (A—oB)—C)<l
I a": A’ F expose(Aa. letb®@ b’ = N(a®a)inb<b'): (A— B)< B’

Now, the term interch(M’ @ N') has type (((A — B) — C) ® (A — B)) < (I ® B’). From

the left-hand side of <1, we can obtain C, and from the right-hand side, we can obtain B’.

Therefore, there is a term L of type I, T,a’: A’ L: C <t B'. By assuming that C is also a
first-order type, we can obtain the term I', TV - Aa’. await(L): A — C ® B’.

In particular, when we are given another supermap of type (A4’ —o B’) —o C” as an input,
where C’ is also FO, we can connect A’ and B’ again to obtain C ® C’ as in

|: :l B
Uf

» Example 12. In our language, we can define the following map

x,y: qbit, f, g: gbit —o gbit
t qif 2 then SWITCH (y, f,g) else (fy) > g : gbit > (gbit — gbit),

where SWITCH is the term defined in Example 9. The qubit y is used as a control in the
then branch and as an input of f in the else branch. Therefore, this function cannot be
represented in a language that separates “control” qubits and “target” qubits as in [18]. <«

4.4 Degenerate Categorical Semantics

A degenerate categorical semantics for our language can be given in Hilb, using the compact
closed structure where n@m =n<m=n —om =mn x m.
For a type A, its categorical semantics [A]min, € Hilb is inductively defined as follows:

[Pl =n, [L=1 [A®B]=[A<B]=[A— B]=[A][B]

The semantics for terms I' = M : A is given in Figure 6 as a morphism [M g : [T] — [4]
in Hilb where [I'] represents the tensor product of the semantics of types in I'. For most of
the terms, the semantics are based on standard linear lambda calculus. For example, the
semantics of lambda abstraction and function application are defined via the monoidal closed
structure of Hilb. As already noted, by identifying <1 and ®, all the terms in the first three
lines of Figure 6 can be regarded as those in a standard linear lambda calculus. For example,
the term letx <<y = M in (N1 < Np) is identified with letx ® y = M in (N7 ® N3), so they
are defined to have the same semantics.

In the last line of Figure 6, we have the definition of semantics of await, expose, and
the three quantum primitives. For await and expose, the domain and the codomain of the
semantics in Hilb match, so they can be simply defined as the identities. The semantics of
|0) and U are defined by the followings.

0) : T —d; 1+—10), U:d—d; |¢)—U|).
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[x: AFz: A] = id[[A]] [0] =id; [Ae. M] = A[[Fﬂv[[A]]v[[B]] [M]
[M N] = eviap s © (IM] @ [N]) [M&N]=[M<aN]=[M]&[N]
[let _ = Min N] = [M]®[N] lletz @y = M in N] = [N] o ([M] ® idpr)

[[Ietx LYy = M in (Nl < Ng)ﬂ = ([[Nlﬂ ® [[NQ]DU([[M]] &® ld[[pl]] 024 ldﬂpZ]]) HBSSOCEH =«
[associ] = a* [interch(M)] = o o [M] [await(M)] = [M] [expose(M)] = [M]

[10)] = 10) [vl=v [aif M then N else No|| = qif 4 o ([M] & ([N1], [N2]))

Figure 6 Degenerate categorical semantics in Hilb.

Here, Ax,v,zF: X — (Y —o Z) is the transpose map of F: X ®Y — Z, evxy: (X = Y)®X =Y
is the evaluation map, 0: X QY @ ZQW - X ® Z®Y ® W is the isomorphism that swaps the
middle two, (f,g): X — Y ® Z is the map that is obtained from the universality of the product
from f: X Y and g: X — Z.

For the semantics of qif M then Ny else Na, we use a linear map qif,,: 2Q (n®mipn) — 20n
for each object n as follows:

qif 2® (n@®n) — 2®n
)@ () @[¢) — [0)®]p)
He(e) o) — ey,

The following two examples show that the semantics of quantum conditional branching is
defined as expected with this map qif,,.

» Example 13. Let M be (qif  then Uy else y). This term has the type derivation z,y: gbit -
M : gbit 1> gbit, and the semantics are given by the controlled-U gate as [M] = CU. <

» Example 14. When A € N, the semantics of the term x: gbit, f,g: A — A+ SWITCH :
gbit > (A — A) we defined in Example 9 coincides with the usual quantum SWITCH [17]
described as

(@[0) +8[1) @ f@gr— (|0) @ (9f) + (BI1) @ (fg))- <

» Remark 15. It is worth noting that a closed monoidal category is a (degenerate) model of
IBV, in which (A< B) = (A® B). This is in contract to the classical setting: a *-autonomous
category is not necessarily a model of BV logic. The difference comes from the self-duality of <1
required only in the classical case. A model of (classical) BV logic satistying (A<1B) = (A® B)
also satisfies (A ® B) = (A< B) = ~((-A) < (-B)) = ~((-A4) ® (-B)) = (A% B), so it is
compact closed. We think that this difference in the behavior of <1 between the intuitionistic
and classical settings is interesting, although we cannot discuss it further in this paper. <«

5 Causal Model of Pure Quantum Computation

Although we have already defined a categorical model of A¥T in Section 4.4, it does not
reflect the causal structure of the language well enough since it is defined in Hilb where
® = < = 7. This is problematic and does not allow us to analyze our language in detail.
For example, it is not easy to prove whether there is no program that increases the total
probability of a state as in the paradox we explained in the Introduction.
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In this section, we construct a new categorical model of pure quantum computation
CausHilb, which has enough structure to interpret BV-logic and our language.

5.1 Caus Construction

Kissinger, Uijlen and Simmons [35, 51] have developed a construction of a categorical model
of causality, called the Caus construction. With the Caus construction, from a compact closed
category C with products and discarding maps, called an additive precausal category, one can
construct a category Caus|C] that captures the essence of causal ordering of processes. Here,
we briefly review their results.

» Definition 16. A compact closed category C with products is called additive precausal if it
is equipped with a family of morphisms {54 € C(A,I)} acc satisfying the following azioms.

APl F 495 = Fa4®@Fp, 71 =1d1, Faep =Fa4 D F5-

AP2. 4 0Ly is invertible for any A # 0, where L4 := (F4+)*.

APS3. For each A, there exists a finite set {p; € C(I, A)}"_, such that 54 o p; = id; and
jointly monic, i.e., Vf,g € C(A,B). (Vi. fop,=gop;) = f=g.

AP/. For the commutative semiring of scalars R := C(I,I), the addition is cancellative, the
canonical preorder induced by addition is total, and R* forms a group by multiplication.

AP5. N e C(A, D). In' e C(A,I). INER. n+7' =X -F,4. <

» Definition 17. Let C be an additive precausal category. For a set ¢ C C(I, A), we define
the set ¢* CC(A,I) by {m € C(A,I)|Vp € c. mop=ids}. If ¢** = c holds, ¢ is called closed.
A set ¢ CC(I,A) is called flat if there exist invertible scalars p and 0 such that -+ 4 € ¢
and 0 -5, € c*.
The category Caus|C| consists of the following: An object is a pair A = (A,ca) of
an object A and a closed and flat set ca C C(I,A). A morphism f: A — B is a map
f €C(A, B) such thatVp € ca. fop € cp. <

The category Caus|C] is a full subcategory of T(C) where the objects are pairs (A, ca)
of an object A and a closed set ca. In [32], this category T(C) is called the tight category
induced by focussed orthogonality for the singleton set {id;} C R, so it is #-autonomous. By
proving flatness is closed under all x-autonomous structures, one can prove the following.

» Proposition 18 ([35]). Caus|C] is a *-autonomous category with products, where the
monoidal structure and dual are defined as follows. The obvious forgetful functor Caus[C] —
C preserves all structures on the nose.

I:=(7,{ids}) A* = (A, cy)
A®B:=(A® B,cagp :={pa®pp | pa €ca,pp € ce}™™) <
» Example 19. CPM is additive precausal, thus it admits the Caus construction. |

5.2 Our Categorical Model: CausHilb

The Caus construction is indeed a remarkable construction. It is not only *-autonomous, but
can also interpret derivations in BV-logic. Moreover, Caus[CPM] does provide a categorical
model that captures causal relationships in quantum computing. However, it does not
provide a model for our language. In particular, the semantics of quantum conditional
gif in our language is defined using the additive enrichment in Hilb corresponding to
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quantum superposition, which is not in CPM or Caus[CPM], where the additive enrichment
corresponds to probabilistic mixing.

One might then consider applying the Caus construction to Hilb, but this does not work
since Hilb is not additive precausal. In fact, the requirement for a category to be additive
precausal is quite strong. For example, AP4. asks the scalars to be totally ordered like R,
which is not the case for Hilb(1,1) = C.

Instead of directly applying the Caus construction to Hilb or CPM, we define a category
by gluing together the structure in Hilb and Caus[CPM] as follows.

» Definition 20. The category CausHilb consists of the following: Objects of CausHilb
are given by pairs (n,c) of a natural number n and a closed and flat set ¢ C CPM(1, (n)).
Morphisms from (n,c) to (m,c) are linear maps f € Hilb(n, m) such thatVp € ¢, (vf)op € .

There is a canonical forgetful functor CausHilb — Hilb, and a functor CausHilb —
Caus[CPM] which maps (n,c) to ((n),c) and f to o(f).3 <

In fact, there is an alternative definition for CausHilb.

» Lemma 21. The following diagram is a pullback square in Cat.

CausHilb —— Caus[CPM]

l B v <« (2

Hilb ——— CPM

» Proposition 22. CausHilb is x-autonomous and the functors CausHilb — Hilb and
CausHilb — Caus[CPM] preserves all x-autonomous structures on the nose.

Proof. The category AutCat of x-autonomous categories and functors that preserve every
structure on the nose is monadic over Cat [11]. So the forgetful functor AutCat — Cat
creates limits. Since the cospan in the diagram (2) is a cospan in AutCat, CausHilb is
also x-autonomous. <

From the previous proposition, we can easily compute the x-autonomous structure in
CausHilb. For example, the monoidal unit is I := (1,{id;}), and the monoidal product
of objects can be computed in Caus[CPM], i.e., an object (n,ca) € CausHilb can be
identified with an object of ((n),ca) € Caus[CPM], and the monoidal product can be
computed via this identification. Note that, even though we can compute the structure in
such a way, CausHilb — Caus[CPM] is not full or faithful and the categories themselves
are very different.

» Proposition 23. CausHilb has all finite products and coproducts, preserved by the forgetful
functor CausHilb — Hilb.

Proof. Let A = (A4,ca) and B = (B, ¢g) be objects of CausHilb. Without loss of generality,
we assume +4 € ca and L5 € cg. The product of the objects is given by

A x B := (A®up B,{p | (tpa)p € ca, (tpB)p € cB}),

where ppa is the projection A ®gip, B — A in Hilb. Since CausHilb is self-dual, it also
admits coproducts A U B := (A* x B*)*. <

3 Abusing the notation, we also write the functor CausHilb — Caus[CPM] as .
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5.3 BV-category

We now show that our model forms a BV-category, in which BV-logic has interpretation.
BV-category was first defined in [12], and later studied in [28] in detail. We first sketch the
definition of BV-categories, asking the reader to consult the other papers for details.

» Definition 24 ([12, 28]). A BV-category is a category with three monoidal structures ®,
%, and < with isomorphic units I = I* = J, with the following structures:

a *-autonomous isoMIX structure with respect to ® and %,

a self-dual structure (A < B)* =2 A* < B*,

a duoidal category structure with respect to ® and <, i.e., interchange natural transform-
ation (: (A< C)®(B<1D) — (A® B) <1(C® D) that is compatible with the monoidal

structures,
and another duoidal category structure with respect to < and %, which derives as the
dual of that for ® and <. <

To distinguish three associators and left/right unitors for BV-categories, we call them «®,
¢* and r*® for each o € {®, %, <}.

» Remark 25. Although the BV-categories are expected to serve as a sound model of
BV-logic in a certain appropriate sense, this remains a partially open problem. Recently,
Acclavio et al. [4] have proven that a strong BV-category, which is a special BV-category
with a faithful embedding into a compact closed category that satisfies some coherence
axioms, does model BV-logic in an appropriate sense. Our model and the forgetful functor
CausHilb — Hilb defines a strong BV-category, so it is a model of BV-category. |

Rather than directly proving that CausHilb is a BV-category by spelling out all coherence
diagrams and risking overlooking something, we shall prove this by showing that pullbacks
in Cat preserve the BV-category structure. For this purpose, we first state that the other
three categories Hilb, CPM, and Caus[CPM] are BV-categories.

» Proposition 26. A compact closed category is a BV-category where @ = <= 7%. <

» Theorem 27 ([51]). Caus|C] is a BV-category and all structures are preserved on the nose
by the forgetful functor Caus|C] — C. The object A <1 B is defined by (A® B, caqp) where

caqB :={h €C(I,A® B) |Vr,7' € ¢, (ida @m)oh = (ida®7')oh Eca} <

To prove that pullbacks preserve BV-category structures, we use a consequence of
categorical universal algebra.

» Lemma 28. The category of BV-categories and functors that strictly preserve every
structure on the nose is finitary monadic over Cat.

Sketch of proof. The theory of categories Tcat can be given as a partial Horn theory [43]
of two sorts Cp (objects) and C; (morphisms) with function symbols such as dom: C; —
Cy. The theory of BV-categories can be given by adding more function symbols such as
<Qp: Cy,Cop — Cp (the action of the functor < to objects) or ¢: Cop, Cy, Co, Co — C; (the
natural transformation ¢) and many equations corresponding to the coherence diagrams.
Therefore, the theory of BV-categories can be written as a Tq,¢-relative algebraic theory in
[34], so the category of BV-categories is monadic over Cat. |

» Corollary 29. CausHilb is a BV-category, and all structures are preserved on the nose
by the functors CausHilb — Hilb and CausHilb — Caus[CPM].
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Proof. From Lemma 28, the forgetful functor creates the pullback (2) in Cat. |

The BV-category structure of CausHilb on objects can also be computed via the
identification through ¢. That is, since ¢ is injective on objects, A <1 B in CausHilb can
be computed by computing (tA) < (¢:B) in Caus[CPM]. On the other hand, for any
morphisms f € CausHilb(A,B) and g € CausHilb(A’, B’), since the forgetful functor
to Hilb preserves the structures, the underlying morphisms of f ® g, f ¥ g, and f < g in
CausHilb are all f ® g € Hilb(A® A, B® B’).

5.4 First-order Objects in CausHilb

In a category constructed by the Caus construction [35, 51, 52], it has been shown that
the objects called first-order are particularly crucial. These are the objects that can be
written as (A, {F4}*) € Caus|[C]. Among all objects (A4, ca) whose underlying object is
A € C, such first-order objects are the ones that have the maximal set ca C C(I, A). Since
an intuitive meaning of ca is the collection of causally coherent states, first-order objects are
the most unrestricted, simplest objects. For example, in the category Caus[CPM], the full
subcategory of first-order objects defines the category CPTP, the category of completely
positive trace preserving maps, which is a natural model of first-order quantum computation.

The most important aspect of first-order objects is that, it models the first-order proposi-
tions in the causal logic. Indeed, in [52], Simmons and Kissinger have shown that Caus|[C]
defines a complete model of causal logic for any non-trivial C.

In our model CausHilb, in addition to the BV-category structure, we can also inherit
first-order objects from Caus[CPM]. We also see that these objects indeed capture first-order
pure quantum computation.

» Definition 30. An object (n,ca) in CausHilb is called first-order if ca = {%(n)}*.4 <

» Theorem 31. The full subcategory of first-order objects in CausHilb is isomorphic to the
category Isom of isometries, i.e., the category whose objects are natural numbers and whose
morphisms n — m are isometries C* — C™.

Proof. Let us denote the first-order object (n,{F(,)}*) as n. A morphism n — m in
CausHilb is a linear map [¢)) — V |¢) such that p — VpVT defines a trace-preserving
map. Such V is an isometry. |

» Remark 32. As in Caus|C], first-order objects are closed under ®, and there, all three
monoidal products coincide, i.e., n®@ m =n <m = n % m. Also, the dual of a first-order
object is first-order if and only if it is I.

On the other hand, in Caus|C], it is shown that first-order objects are closed under
coproducts, but this is not true in CausHilb. In our model CausHilb, first-order objects
are closed under neither products nor coproducts. Thus, for example, the semantics of the
gbit type, which will be defined to be the first-order object 2 in the next section, is not a
product or coproduct of the units I. |

We show that CausHilb can also model first-order propositions by these first-order objects.
The key observation here is that the embedding functor CausHilb — Caus[CPM] is

4 Instead of this definition, we can also define first-order objects as objects whose cj is a singleton.
Since such objects are isomorphic to one of (n, {F}*), these two definitions define an equivalent full
subcategory of CausHilb.
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conservative, i.e., it reflects isomorphisms. From this fact, we can state the following: for
any proof A + B in BV-logic, we can give a semantics of the proof in CausHilb and
Caus[CPM] by specifying an object in CausHilb for each atomic proposition that occurs
in A or B. These semantics are related by the embedding functor. Then, if the semantics
in Caus[CPM] happened to be an isomorphism, the semantics of the proof in CausHilb
must also be an isomorphism. This idea can be used in the next proposition.

» Proposition 33. In the category CausHilb, we have the following natural transformation
as part of the duoidal structure (®,<).

Capop: (A<C)®(B<D)— (A® B) < (C® D).

From this ¢, by assuming B = C = I, we obtain the following {4 5. Also, by considering
Ch.cx 1.4+ we obtain the following vp,c,a-

§A7B:A®B—>A<B ’yB’C’A:(BgoC)QA—)BAO(CQA)

When A is first-order, these morphisms are isomorphisms.

Proof. The converse A << B+ A ® B is derivable in the causal logic when A is a first-order
proposition, and the semantics of the proof gives the inverse of t(£4 5). Since ¢({4,5) is an
isomorphism in Caus[CPM], {4 p is also an isomorphism. The same proof applies to v. <«

» Remark 34. We can also prove this proposition easily by directly checking the existence of the
inverse, but our approach is much easier to be generalized to any other such morphisms. <«

6 Categorical Semantics with Causal Structure

We now give the semantics of A% in CausHilb and study its properties. We prove the full
abstraction theorem in Section 6.2, and we study the definability in Section 6.3.

6.1 Definition of Categorical Semantics

In this section, we define a refined categorical semantics [—]causmib of A?" in CausHilb.

This categorical semantics has additional information about causality, and by forgetting it,
we can recover the original degenerate semantics which we defined in Section 4.4. More
concretely, through the forgetful functor U : CausHilb — Hilb, we can write the semantics
in Hilb as U[—~]caushilb = [~]Hib-

The semantics of types are given by the following, relating each syntactic connective with
its corresponding categorical structure.

[2] = (A5} [ =1=0{idy}) [AeB]=[A]e[B5]
[A<B]=[Al<[B] [A— B]=[A] —[B]

For every type, the underlying object in Hilb, i.e., the natural number representing the
dimension, coincides with the semantics in Hilb. It is notable that, the semantics of first-order
types are given by first-order objects.

For each term I' = M : A, its categorical semantics is defined in Figure 7 as a map
[[MHCausHilb: [[F]] — [AH in CausHilb.

Similarly to the semantics in Section 4.4, the semantics of the terms in linear lambda
calculus are defined in a standard way in the monoidal closed category CausHilb. We
explain the semantics for the following non-trivial ones.
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[ A] =idpay [0] = idr [Ae. M] = Agrypap, s [M]
[M N] = evpay sy (IM] © [N]) [M @ N] = [M]e[N]
[let = M in N] = ¢®([M] ® [N]) lletz ® y = M in N] = [N] o ([M] ® idfr)

[M < N = &pap,gsy © ([M] @ [N])

fletz <y = M in (N1 < N2)] = ([N1] < [N2]) o {pay,i81,1ra1,1r21 © ([M] @ €pr,q,1r27)

[assocq] = o~ [assoc?] = (a9) " [interch(M)] = ¢pay, 181,101,107 © [M]
[await(M)] = 5[[7141]],[[13]] o [M] [expose(M)] = 7[[731]],[[0]],[[14]] o [M] [10)] = 10)
[Ul=0U [qif M then N else No] = qif 4 o ([M] ® ([N:1], [N2]))

Figure 7 Categorical semantics of terms in CausHilb

For the term I', IV H M < N: A < B, the semantics is given by a morphism [I'] @ [I"] —
[A] < [B]. To obtain this morphism from [M] and [N], we can first take the ®-monoidal
product of them to obtain a map [I'] ® [I'] — [A] ® [B], and then post-compose the map
éuanim: [A] @ [B] — [A] < [B].

For the term T'g,T';,Ts F letz <<y = M in (N7 < Nz), the semantics is given by a
morphism of type [I'o] @ [T'1] ® [T'2] — [C] < [D]. This can be obtained as follows:

[To] ® (IT4] @ [Ta]) 222l (4] < [B]) @ ([7] < [Ta])
SLALBLIELESL, (4] @ [11]) < (IB] ® [L2])

[N1]<[N=] [[O]] 4 [[D]]

For the term qif M then N, else Ny, to define the semantics, it suffices to show that the
morphism gif 4 lifts to CausHilb.

» Proposition 35. For each object A € CausHilb, the map qif 4 in Hilb defines a map
[gbit] ® (A x A) — [qbit] > A in CausHilb. <
6.2 Full Abstraction

Though we do not provide an operational semantics for A", we can still discuss full abstraction
for our language. The following term H, is critical in the proof.

» Lemma 36. For each d € NT, there is a program + Hy: d ® d whose semantics is ﬁﬂd
where ng is the unit ng: I — d ® d of the compact closed structure in Hilb. <

» Lemma 37. For any type A, there are some natural numbers na, ma, 4 and two terms
xpa: AF Mpa:ing and ya: ma b Na: A <y such that [Ma] is injective in Hilb and
(ida ® e0)([N] ®1idg): m @ £ — A is surjective in Hilb.

Sketch of Proof. Ignoring some variable renamings and type equivalences, the terms can be
recursively defined as follows:

Mg=M, =z, Ng= N, =y,
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Mpgp = Ms® Mp, Nagp = interch(NA ® NB),

Mygp =letzyg <azp=xin (Ma < Mp),

Nagp =let(a®b) <z =interch(Ng ® Ng) in (a <b) < z,

For the function type, we can define the terms as following. Note that there is a

equivalence of types A — ((B<1{p)®n4) = (A — B) < (g ®@n4) via the term expose.

Ma_op = letys ® 2™4 = Hy, , in let 24 < 2% = N4 in
((letzp = 224 in Mp) <1 2°7) @ 2™4,
Npop=Xta.Np Q@ Mgu. <
» Theorem 38 (Full abstraction). Let ' M: A and T'F- N: A. Then, [C[M]] = [C[N]]
for any context C[—] of type d € N1, if and only if [M] = [N].

Proof. From the compositionality of the semantics, the if part is trivial. We prove the
converse. Let I' = #;: B;. Then, using Np, and interch, we obtain a term L of type
i mp, F L: (Q B;) < (][ ¢p,)- Now, we define a context D[—] as follows:

gi:mp, Fletd; <z=1Lin (letxy =[] in Ma) <z:na <[] 5.

From Lemma 37, [D[—]] defines an injective map Hilb([I'], [A]) — Hilb([[, mp,,na x
L, ¢B,). Forany map f,g € Hilb(n,m), if f # g, there exists a vector |¢) of length 1 such that
f ) # g|¥). Therefore, if [M] # [N], there exists some unitary map U: [[mp, — [[ms,
that makes the context C[—] := lety; = U|0) in D[—] satisfy [C[M]] # [C[N]]. <

6.3 Causality and Definability

In this section, we study the class of maps and supermaps that can be described in A%F.

In particular, we prove that every term is causally consistent in the sense that no paradox
described in the Introduction occurs in A%*. We do this by studying the definability of the
semantics taken in CausHilb.

First, for first-order maps, we can prove the following:

» Proposition 39. The semantics of every term x: nt M: m is an isometry. Conversely,
every map in Isom(n,m) is definable by a term x: nt M: m.

Proof. It follows from CausHilb(n,m) = Isom(n,m) proved in Theorem 31. For the
definability, we can define each isometry by a term U(z®]0)) for some unitary U: m —om. <

In particular, this fact shows that our language can avoid the paradox regarding the
quantum conditionals we presented in the Introduction.
We can also characterize all pure supermaps:

» Theorem 40. A supermap is pure if and only if it can be represented as vf for some
[+ Q;(m; —o m;) — n — m in CausHilb. In particular, all definable supermaps &,;(n; —o
m;) —o n —o m in our language are pure, and the OCB process [41] is not definable in N9
since it s not pure.

Proof. Sufficiency follows from Theorem 31 and a similar observation as in Example 11.

We prove the necessity. A similar proof can be found in [56]. For each pure supermap
g: ®,(L(C?"") — L(C*")) — L(C?") — L(C?"), by partially applying swap;: n; ®
m; — m; ®n;, we obtain an isometry of type n ®; m; — m ®; n;. Since the original g can
be recovered by composing unit and counit of the compact closed structure, and all these

maps are in the image of the functor ¢: Hilb — CPM, the map g itself is in the image of ¢.

Let f = g, then since f € Hilb maps isometries to isometry, it is a map in CausHilb. <«
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Furthermore, using some facts that have been proven in the quantum community, we can
extend the result to the supermaps that take at most two inputs:

» Proposition 41. Every map of type (n —o m) —o (n’ —o m’) in CausHilb is definable.

Proof. For single input supermaps (deterministic supermaps), in [15, Theorem 1], it is shown
that all such maps can be written as Af.Vo (f ® id) o U o (id @ |0}). <

To discuss supermaps with two inputs, we extend our language by extending the syntax
of qif to qif M > m then z — N; else y — Ny. This represents a coherent branching where,
it branches to Np if the control qubit M is |0), ..., |m — 1), and it branches to N; if it is in
between |m), ...|n 4+ m — 1). The typing rule is now modified as follows.

'-M:n+m IV zg: mb Nyg:m> A I'z1:nkFNi:np> A
[T+ qif M > m then x; — Ny else z; — No: (n+m) > A

The original qif M then Nj else Ny can be recovered by qif M > 1 then & — (z; N7) else
y — (y; No) when m = n = 1. The semantics is defined in the Appendix.

» Proposition 42. In the language extended by generalizing qif that takes a qudit as its
condition, every map (n — m) —o (n —om) —o (n’ —o m’) in CausHilb is definable.

Proof. For supermaps with two inputs (bipartite supermaps), in [56, Theorem 5], it was
shown that such maps can be written by a direct sum of two causally ordered processes.
That is, there is a decomposition of the supermap f

flg:h) =Vo(fi(g,h) & falg, h)) o U(id @ |0))

for some unitaries U, V and quantum combs f;: (n —o m) — (n —o m) —o n; —o m; which
can be realized by a composition of isometries. Since this @& can be represented with a
generalized qif, this is definable. |

» Remark 43. However, we conjecture that for supermaps that take three or more inputs,
there are some maps which are not definable in our language. This is because it is known
that there are some tripartite supermaps that break causal inequality [6], which do not seem
to be describable only with qif. |

7 Conclusion

We have developed a higher-order quantum programming language equipped with a type
system based on causal logic, together with its categorical semantics. In the presence of
quantum conditional branching controlling functions, a naive linear type discipline cannot
avoid some physically-unrealizable programs. In this paper, we have shown that tools from
pomset/BV /causal logics [47, 25, 52], namely the seq-connective <1 and the concept of first-
order types, resolve this issue. While it has been known that semantic models of quantum
computation can exhibit structures of causality-aware logics, our results strengthen this
connection by showing that some ideas from pomset/BV /causal logics are in fact indispensable
in higher-order quantum computation.
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