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Abstract8

Indefinite causal order is a characteristic phenomenon in quantum computation, with examples9

including the quantum SWITCH and the OCB process. Not all such processes are believed to be10

physically realizable: while some implementations of the quantum SWITCH have been proposed, the11

OCB process is suspected to be unrealizable. This di!erence in realizability is commonly attributed12

to constraints imposed by physical causality.13

This paper studies such a causality issue in a higher-order setting, proposing a typed lambda14

calculus with quantum control and its categorical semantics. Our calculus extends pure quantum15

computation with higher-order functions and quantum conditional branching, and it is equipped with16

a type system based on intuitionistic BV logic to enforce causality. We also present a novel model17

that is closely related to the Caus construction, by which we prove that some physically-unrealizable18

processes are not definable in our language.19
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1 Introduction27

Quantum computation is a computational paradigm that exploits the principles of quantum28

mechanics, and it can e!ciently solve certain problems that are not e!ciently solvable by any29

known classical algorithm. Naturally, the scope of quantum computation is constrained by30

the operations that quantum mechanics allows. In the standard formalism, a physical system31

is represented by a Hilbert space, and the physically admissible transformations between32

Hilbert spaces are well understood. Concretely, depending on the class of operations that one33

allows, physical processes are modeled by unitary transformations, isometries, or quantum34

channels. Furthermore, every physically realizable operation admits a description in terms of35

quantum circuits.36

However, the situation changes dramatically once we move to second-order operators,37

i.e., transformations that take quantum channels as inputs and return a new quantum channel.38

Such transformations are called supermaps. As we shall see below, this setting exhibits39

novel and intriguing phenomena that do not arise at first order, but many fundamental40

questions remain open, including which transformations are physically realizable and how41

such operations can be described in an appropriate language.42

One such phenomenon is indefinite causal order, of which a prominent example is the43

quantum SWITCH [17]. The quantum SWITCH takes two quantum channels A and B as44
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inputs and behaves as A → B or B → A depending on a control qubit. In particular, when the45

control qubit is in a superposition of |0↑ and |1↑, the quantum switch performs a “mixture”46

or “superposition” of A → B and B → A, hence “which of A and B was executed first” is47

not well-defined. There is also research that investigates computational advantages that48

exploit this property [5, 16, 20, 21, 36, 37, 53]. Another instance of this phenomenon is49

the supermap introduced by Oreshkov, Costa and Brukner [41], which we call the OCB50

process. Its remarkable feature is the violation of the causal inequality [13, 41, 46, 55], which51

is unviolatable under classical causality.52

Although the quantum SWITCH [17] and the OCB process [41] are both interesting su-53

permaps exhibiting indefinite causal order, their physical realizability is in di"erent situations.54

For the quantum SWITCH, several implementation proposals and experimental results have55

been reported [23, 39, 45, 57]. In contrast, to the best of our knowledge, no implementation56

or experimental realization of the OCB process has been given, and it is rather suspected to57

be unrealizable [6, 46].58

The precise boundary between realizable and unrealizable supermaps is of significant59

interest, yet remains unclear. To explore the boundary, or as candidates of the boundary,60

various classes of supermaps have been proposed.61

One of the most fundamental is the class of pure supermaps [7, 6]. This is the class of62

supermaps that, when the inputs are “pure” quantum operations, i.e., those involving neither63

measurement nor discarding, similarly return a pure operation. The purity distinguishes64

between the quantum SWITCH and the OCB process: the quantum SWITCH is pure, but65

the OCB process is not. Several other classes have been proposed [22, 42, 55] as subclasses66

of purifiable supermaps, i.e., pure supermaps followed by measurements, making purity a67

useful baseline notion.68

Kissinger and Uijlen [35] and Simmons and Kissinger [51, 52] studied supermaps from69

categorical and logical viewpoints. Kissinger and Uijlen [35] have introduced the Caus70

construction, which yields a category that can model higher-order causal structure in prob-71

abilistic and quantum theories. Simmons and Kissinger [51, 52] showed that the resulting72

category provides a model for causality-aware extensions of linear logic, namely BV-logic [25]73

and pomset-logic [47]. This provides a striking link between notions of causal structure in74

physics and in logic. He"ord and Wilson [28] have extended their work and created a model75

which characterizes pure-reversible quantum computation1 and proved that their model can76

also interpret BV-logic, strengthening the relation of causal structure in the two field.77

The above research can be regarded as giving a declarative description of realizable78

supermaps. The complementary direction is to ask what kinds of constructions are allowed to79

build realizable supermaps. In terms of programming language, this amounts to asking what80

kinds of language constructs can be introduced to a programming language for supermaps.81

Quantum control is a construction that has recently attracted attention. It is a program-82

ming principle for constructing pure higher-order processes [55], allowing a program to form83

coherent superpositions of di"erent executions. The quantum SWITCH is the canonical84

example of this idea, creating a superposition of di"erent applications of input operations.85

Importantly, this mechanism remains causally constrained: it can generate indefinite causal86

order, but by itself cannot violate causal inequalities [46, 55], unlike processes such as the87

OCB process. Thus quantum control occupies an intermediate regime: it goes beyond88

fixed-order higher-order programs while still falling short of processes that violates causal89

1 Here, by pure-reversible, we mean the subclass of quantum computation where all first order functions
are unitaries and higher order functions preserves them.
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Figure 1 Causality violation in naive higher-order quantum control in (↑↑). (Left) The function
f acts as a NOT gate controlled by the qubit x. Each fin and fout represents the input and output
of f . (Right) Applying f to the control qubit itself creates a closed loop.

inequalities. This makes quantum control a natural test case for understanding causality in90

pure higher-order quantum computation.91

The above-mentioned causal models capture causal constraints on higher-order processes,92

but they cannot interpret quantum control at least in an evident way. This paper studies93

the causality in the coexistence of quantum control and higher-order functions.94

New Causality Issue in Higher-order Programs. The first contribution of this paper is95

to identify a new causality issue arising from the combination of quantum control and96

higher-order functions. Quantum control, exemplified by the controlled-U gate (that applies97

U when the control qubit is |1↑ and acts as the identity when the control qubit is |0↑), is a98

fundamental ingredient of quantum computation and also underlies the quantum SWITCH.99

However, a quantum-controlled higher-order function gives rise to nontrivial causal problems.100

We use the notation qif M then N1 else N2 for the syntax of quantum control in our101

language to represent positively controlled N1 and negatively controlled N2 by a qubit102

M in analogy with classical conditional if M then N1 else N2. For example, the term103

qif x then X y else y represents controlled-NOT gate applied to qubits x and y, where X104

is the NOT gate that flips |0↑ to |1↑ and vice versa. In contrast to the classical case,105

qif x then X y else y should have the tuple type qbit ↔ qbit rather than just qbit since the106

control qubit should live after the execution of the term.107

A naïve generalization of this construct to possibly higher-order N1 and N2 would have108

the following typing rule:109

! ↗ M : qbit !→ ↗ N1 : A !→ ↗ N2 : A

!, !→ ↗ qif M then N1 else N2 : qbit ↔ A (↘)110

This naïve typing rule for quantum control allows some physically unrealizable program to111

be typed, when A is higher-order.112

The following program reveals a critical issue:113

let x
→ ↔ f : qbit ↔ (qbit ↭ qbit) =

(
qif x then X else id

)
in f(x→) : qbit. (↘↘)114

In this program, the qif term first generates a X gate controlled by a qubit x, that is CX gate.115

It assigns the target X gate to f , and renames the control qubit to x
→. Then, it applies f to x

→116

itself. This implies that the qubit x used for control must again be used as the target qubit117

of the CX gate. As illustrated in Figure 1, this results in a closed timelike curve, violating118

causality.119

It is also possible to explain the problem of the program (↘↘) without appealing to120

diagrammatic intuition. Let Hilb be the category of finite-dimensional Hilbert spaces and121

all linear maps. Since Hilb is a compact closed category and has the coproduct qbit = 1 + 1,122

the above program can be interpreted in Hilb in the standard way. The resulting denotation123

is a linear map C2 ≃⇐ C2. We give an explicit description of this linear map. For x = |0↑,124

we have x
→ = |0↑ and f = id, so the outcome is f(x→) = |0↑. Similarly, for x = |1↑, we have125

LICS 2026
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x
→ = |1↑ and f = X, so the outcome is f(x→) = |0↑. So the denotation of the above program126

is
(

1 0
1 0

)
. However, since physically realizable linear maps of type qbit ↭ qbit are only127

unitaries, the above program is not physically implementable.128

Simmons and Kissinger’s Causal Logic. The above discussion shows that, when the type129

of the control target A is a function type, allowing interaction between the control qubit130

and the controlled function leads to a problem. Hence, we need a mechanism that properly131

regulates such interaction.132

To clarify what kind of mechanism would be required, let us examine how quantum133

conditionals controlling functions could be implemented. A point is that, although it is134

unclear how to implement qif x then X else id, it is clear what is qif x then X L else id L135

for given L, which is the controlled-X gate applied to (x, L). Our idea is that a quantum136

conditional branching that controls functions should not be executed immediately; instead,137

its execution should be deferred until the argument of the controlled function is determined.138

Guided by this intuition, we design a type system that avoids the above problem.139

The above discussion suggests that the type of qif M then N1 else N2 should not be140

qbit↔A, but rather a type expressing that “qbit becomes available only after A.” Fortunately,141

a logical connective with precisely this intended meaning have already been studied, namely142

the seq-connective ↫ from pomset logic [47] and BV-logic [25]. These logics are both based143

on multiplicative linear logic (MLL) with MIX rule, conservatively extended by adding A↫B144

whose intuitive meaning is the causal relation “A happens before B”.145

By adopting this idea, we can now fix the typing rule (↘) to the following by restricting146

the usage of the control qubit to only after A is “resolved” (where A ↬ B := B ↫ A):147

! ↗ M : qbit !→ ↗ N1 : A !→ ↗ N2 : A

!, !→ ↗ qif M then N1 else N2 : qbit ↬ A .148

We shall prove that this new typing rule actually solves the problem.149

However, this mechanism is too restrictive on its own. For example, the following circuit150

x
y151

is obviously physically realizable, but the corresponding program152

let (x→
, y

→) =
(

qif x then X y else y
)

in
(

qif y
→ then X x

→ else x
→)

153

is not well-typed, since for (x→
, y

→) : qbit ↬ qbit, the first qbit x
→ will be only available after154

the second qbit y
→ has been consumed.155

Here, a concept of first-order proposition introduced by Simmons and Kissinger [52] comes156

into play. The idea is to equip a “causally simple” proposition with the attribute “first-order”157

and to admit the following additional rules for first-order propositions (where F is first order158

and A is arbitrary):159

F ↔ A ⇒↓ F ↫ A F ` A ⇒↓ F ↬ A.160

Simmons and Kissinger’s causal logic [52] is pomset logic [47] enriched with the notion of161

first-order propositions. In causal logic, by considering qbit as a first order type, we have the162

type isomorphism qbit ↔ qbit ⇒↓ qbit ↬ qbit, which solves our concern.163
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Based on this intuition, this paper proposes a higher-order quantum programming164

language with quantum conditional branching, equipped with a type system grounded in165

causal logic. For technical reasons, our type system is based on a weaker version of causal166

logic, namely intuitionistic BV logic [3] extended with the notion of first-order propositions.167

We show that the type system behaves as intended: every program of type qbit ↭ qbit168

denotes a unitary transformation (Proposition 39).169

Our type system is important not only because it resolves the aforementioned issue170

concerning causality, but also because it provides new evidence for the relevance of causality-171

aware logics to higher-order quantum computation. Previous work showed that structures of172

causality-aware logics can be found in causal models motivated by quantum computation.173

This is undoubtedly an important observation. However, it was not clear whether these174

structures appeared merely incidentally, or whether they are essential to higher-order quantum175

computation. This paper demonstrates that causality-aware logics can play an active role in176

solving a concrete problem, thereby providing new evidence for their relevance.177

Categorical Model. We also construct a new categorical model. This model is used178

to prove the soundness of our type system, and it also answers the previously-mentioned179

question of whether one can build a model consisting solely of pure supermaps.180

Our construction is motivated by the Caus construction [35, 51, 52]. It is a categorical181

construction that produces a model of causal logic (hence models BV-logic and pomset-182

logic) from a compact closed category with some additional structure, called discarding183

maps A : A ≃⇐ I. A particular example of such category is CPM, which is the category184

of completely positive maps. By the Caus construction, we can construct the category185

Caus[CPM] that can capture the causal structure of supermaps.186

However, this category is insu!cient for two reasons: (i) it does not rule out non-pure187

supermaps, such as the OCB process; and (ii) it does not interpret quantum conditionals.188

In particular, the latter is critical. Let us consider the program qif x then U y else y, whose189

semantics should be the controlled unitary CU . To define a compositional semantics, we190

should be able to construct CU from U , but the map U ⇑⇐ CU = (|1↑⇓1| ↔ U) + (|0↑⇓0| ↔ id)191

turns out be not completely positive because it respects global phases.192

Our idea is to leverage the connection between Hilb and CPM: we define CausHilb193

as the pullback of Caus[CPM] ≃⇐ CPM via Hilb ≃⇐ CPM. A high-level categorical194

argument establishes that CausHilb carries the expected logical structure.195

Related Work. Some closely related work has already been discussed above.196

The quantum SWITCH was first discovered in [17], and later, many di"erent kinds of197

supermaps with indefinite causal order have been found, including the OCB process [41], the198

Lugano process [9, 10], and the Grenoble process [55].199

The class of supermaps that are smaller than pure supermaps includes extensibly causal200

maps [42, 22] which are maps that do not violate causal inequality [1, 13, 10], and QC-QC [55]201

which is defined as a specific procedure to create a superposition of causal order. The QC-QC202

is included in the class of extensibly causal maps, but equality of these two classes remains203

an open problem. Our approach is also di"erent from these studies in that we can describe204

classes of higher-order functions. We also conjecture that the supermaps expressible in the205

language we present define a subclass of these two classes.206

Pomset-logic was introduced in 1997 [47, 48] as a logic whose correctness is defined by207

proof-nets. On the other hand, BV-logic was introduced in the series of papers “A system208

of interaction and structure” [25, 54, 40, 14, 26]. The first paper [25] introduced BV-logic209

LICS 2026
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in 2007, and the second paper [54] discussed the necessity of deep inference. The third210

paper was initially intended to prove the equivalence of pomset-logic and BV-logic. However,211

although this had long been believed, it was disproved considerably later, and this negative212

result for the conjecture became the third paper [40] in 2023. The fourth [14] and fifth [26]213

papers concern exponentials. An intuitionistic variant of BV-logic was published recently214

in [3]. There is prior work relating these logics to the ω-calculus [2, 31], but, to the best of215

our knowledge, this is the first paper to incorporate BV-logic into a programming language216

via the Curry–Howard correspondence in a setting not based on the ω-calculus.217

Apart from the Caus construction, there are some categorical studies of supermaps. In [27],218

He"ords and Wilson have studied semantics of supermaps based on strong profunctors, and219

in [28], they also studied the Chu construction [8], which is known as a general construction220

that creates a ↘-autonomous category from a monoidal closed category, and yields a BV-221

category from a duoidal category. Other than that, Li and Zamdzhiev [38] have studied the222

BV-structure in the category of operator spaces.223

There is also a study that relates causal relations in physics with linear logic in [30, 33].224

These work can be compared with causal logic [52]. These studies appear to be based on225

similar concepts, yet the structures of union and intersection seem to di"er.226

Outline. We first review some preliminaries in Section 2, and review BV logic in Section 3.227

In Section 4, we introduce our language ε
qif together with a simple (degenerate) denotational228

semantics in Hilb. In Section 5, we define our categorical model of pure supermaps and229

show that it is a BV-category. Finally, in Section 6, we study the semantics of ε
qif in detail:230

we prove a full-abstraction theorem and investigate term definability.231

2 Preliminaries232

2.1 Linear Logic: Proof Systems and Models233

In this section, we briefly review the terminology and background on linear logic that will be234

used throughout the paper. For further details, we refer the reader to the standard literature.235

Linear logic, introduced by Girard [24], is a logic in which the structural rules of weakening236

and contraction are not freely available. This restriction corresponds to disallowing discarding237

and copying, and for this reason linear logic is often described as a resource-aware logic.238

Linear logic has several well-known fragments. One of them is multiplicative intuitionistic239

linear logic (MILL), which features the connectives ↔, ↭ and the unit I. One may view ↔ and240

↭ as linear analogues of pairing and functions, and compare them with conjunction ⇔ and241

implication ⇐ in ordinary logic. A crucial di"erence, however, is that ↔ is not idempotent,242

i.e., A and A ↔ A represent di"erent amounts of resources. In particular, A ↔ B ↗ A is not243

derivable, since B cannot be discarded. The Curry–Howard–Lambek correspondence between244

MILL, the linear lambda calculus, and symmetric monoidal closed categories is well known.245

A larger fragment containing MILL is multiplicative linear logic (MLL). It can be seen as246

extending MILL with negation A
↑, which allows one to define &, the De Morgan dual of ↔,247

as A

&

B := (A↑ ↔B
↑)↑. The categorical structure corresponding to MLL is a ↘-autonomous248

category, which is defined as follows.249

⊜ Definition 1. A ↘-autonomous category is a symmetric monoidal closed category (C, ↔, I,↭)250

equipped with a fully faithful functor (≃)↓ : Cop ≃⇐ C and a natural isomorphism A ↭ B
↓ ↖=251

(A ↔ B)↓. ≿252
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In particular, among ↘-autonomous categories, there is a somewhat degenerate class known253

as compact closed categories. These are categories in which the two monoidal structures ↔254

and ` coincide. They can be defined as a monoidal category with unit I ≃⇐ A
↓ ↔ A and255

counit A ↔ A
↓ ≃⇐ I satisfying some axioms.256

It is also common to extend MLL with the rule A ↔ B ↗ A

&

B. This rule is called257

the MIX rule. Categorically, it corresponds to equipping a ↘-autonomous category with a258

morphism ↙ ⇐ I satisfying the appropriate coherence conditions. In particular, when this259

morphism is an isomorphism, such a category is called an isoMIX category [19].260

2.2 Basics of Quantum Computation and Supermaps261

In this section, we briefly review basic notions from quantum computation. For precise262

definitions, see, for example, [50, 49].263

A (pure) quantum state is represented by a norm-1 element of a Hilbert space. In this264

paper we restrict attention to the finite-dimensional setting, so a pure state is a vector v ∝ Cn265

with ′v′ = 1. We write the standard basis vectors e0, . . . , en↔1 ∝ Cn as |0↑ , . . . , |n ≃ 1↑.266

For qubits, the basis states |0↑ and |1↑ are often identified with the Booleans false and267

true. Unlike the classical case, a qubit state need not be |0↑ or |1↑; it can also be any linear268

combination ϑ |0↑ + ϖ |1↑, called a superposition state. In quantum computation one also269

considers mixed states, which represent probabilistic mixtures of pure states. Mathematically,270

a mixed state on Cn is a density matrix, i.e., a positive semidefinite operator ϱ ∝ Cn↗n with271

Tr(ϱ) = 1. Equivalently, ϱ can be written as a convex combination of rank-one projectors:272

ϱ =
∑

i pi |ςi↑⇓ςi| where pi ∞ 0,
∑

i pi = 1, ′ςi′ = 1. A pure state |ς↑ corresponds to the273

special case ϱ = |ς↑⇓ς|, which has rank 1.274

To describe general state transformations, we use quantum channels. Formally, a quantum275

channel is a completely positive trace-preserving (CPTP) linear map ” : L(Cn) ⇐ L(Cm),276

where L(Cn) denotes the set of n ∈ n matrices. A particularly important subclass consists of277

channels that preserve purity. Such a channel is implemented by an isometry V : Cn ⇐ Cm278

satisfying V
†
V = I, via ”(ϱ) = V ϱV

†. We refer to these as pure channels. Every channels279

can be decomposed to pure channels followed by some qubit discardings.280

We also consider higher-order transformations that take quantum channels as inputs. In281

particular, it should preserve the trace-preserving property. Moreover, when represented in282

a matrix form (e.g. via a Choi–Jamio#kowski-type representation), the supermap itself is283

completely positive. Following the definition in [56], we define pure supermaps as a linear map284

S :
( ⊗N

n=1
L(Ai) ↭ L(Bi)

)
≃⇐ L(A) ↭ L(B) such that for all auxiliary (finite-dimensional)285

Hilbert spaces Xi and Yi and isometry operators fi : Ai↔Xi ↭ Bi↔Yi, the partial application286

to S described as follows defines an isometry A ↔i Xi ↭ B ↔i Yi:287

A1

B1

B

X1

Y1

S f1

A

A2

f2

B2

X2

Y2

.288

2.3 Definition of Basic Categories289

We define two basic categories Hilb and CPM which are both standard model of quantum290

computation. Both categories are compact closed.291

LICS 2026
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⊜ Definition 2. The category Hilb consists of the set of objects Ob(Hilb) = N where the292

maps Hilb(n, m) is defined by the linear maps Cn ≃⇐ Cm.293

This category Hilb is compact closed where the structures are defined as follows:294

The monoidal unit is 1, and the monoidal product of objects n ↔ m is n ∈ m.295

The monoidal product of maps are defined by the tensor product, i.e., for linear maps296

f ∝ Hilb(n, n
→) and g ∝ Hilb(m, m

→), when f |i↑ =
∑

i→ ϑi→ |i→↑ and g |j↑ =
∑

j→ ϖj→ |j→↑,297

let (f ↔ g)(|i↑ ↔ |j↑) :=
∑

i→,j→ ϑi→ϖj→(|i→↑ ↔ |j→↑).298

The monoidal structure is strict: the associater ϑ : (A ↔ B) ↔ C ≃⇐ A ↔ (B ↔ C) and299

the uniters φ : I ↔ A ≃⇐ A and r : A ↔ I ≃⇐ A are identity.300

The dual of an object is itself n
↓ = n, and the dual map f

↓ : m ≃⇐ n of a map f : n ≃⇐ m301

is defined by the transpose.302

The unit map ↼ : 1 ≃⇐ n ↔ n and the counit map ↽ : n ↔ n ≃⇐ 1 are defined as follows:303

↼ : 1 ⇑≃⇐
∑n

i=0
|i↑ ↔ |i↑ , ↽ : |i↑ ↔ |j↑ ⇑≃⇐ ⇀ij .304

It also admits finite biproducts defined by n ∋Hilb m := n + m. ≿305

⊜ Definition 3. The category CPM has sequences of natural numbers ⇁n = (n1, . . . , nk) as306

objects, and each map f ∝ CPM(⇁n, ⇁m) is defined by a matrix of maps (fij) : ⇁n ≃⇐ ⇁m where307

fij : L(Cni) ≃⇐ L(Cmj ) is completely positive. The composition is defined by the matrix308

multiplication, i.e., (gkω) → (fij) = (
∑

i gjω → fij).309

This category is also compact closed with the following structures:310

The monoidal unit is (1), and the monoidal product ⇁n ↔ ⇁m is given by311

(n1m1, n1m2, . . . , n1mω, n2m1, . . . , nkmω).312

The monoidal product of morphisms (fij) ↔ (gi→j→) is defined by the pointwise Kronecker313

product of CPMs (fij ↔ gi→j→).314

It is strict monoidal.315

The dual of an object is itself ⇁n
↓ = ⇁n, and the dual of (fij) is defined by (f↓

ji) where f
↓
ji316

is the transpose of fij.317

The unit and counit are defined by (↼1,ij) and (↽ij,1) where318

↼1,ij =
{

1 ⇑≃⇐
∑

k,ω↘{0,...,ni↔1} |k↑⇓φ| ↔ |k↑⇓φ| if i = j

1 ⇑≃⇐ 0 otherwise,
319

↽ij,1 =
{

|k↑⇓φ| ↔ |k→↑⇓φ→| ⇑≃⇐ ⇀k,k→⇀ωω→ if i = j

|k↑⇓φ| ↔ |k→↑⇓φ→| ⇑≃⇐ 0 otherwise.
320

It also admits finite biproducts defined by the concatination of sequences ⇁n∋CPM ⇁m = ⇁n⇁m. ≿321

These two categories are related with the following embedding functor.2322

⊜ Definition 4. There is a functor ι : Hilb ≃⇐ CPM that sends n to (n) and f to the map323

εϱ. f → ϱ → f
†. This functor preserves all the compact closed strucuture on the nose, but it324

does not preserve biproducts. ≿325

2 We call this functor embedding since it embeds pure quantum computation into general quantum
computation even though it is not full or faithful.
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Since these two categories are compact closed, they can model a linear lambda calculus.326

The category Hilb can interpret pure quantum computation: the semantics of the qubit327

type can be defined by 2 = 1 ∋Hilb 1, where a state of a qubit I = 1 ≃⇐ 2 corresponds with328

a vector, and the semantics of a program can be given as a linear functions. On the other329

hand, CPM can interpret any quantum computation including measuremets or discardings.330

Through the embedding functor ι, the pure quantum computation can also be interpreted in331

CPM. Additionally, the semantics of Booleans can be defined by (1, 1) = 1 ∋CPM 1, and332

the measurement and discarding maps are defined as follows:333

m := (Pi)i=1,2 : (2) ≃⇐ (1, 1)
where Pi : M ⇑≃⇐ Mii,

n := (Trni)i=1,...,k : ⇁n ≃⇐ (1)
where Trm : M ⇑≃⇐

∑m
j=1

Mjj .
334

3 BV-logic335

In addition to linear logic, BV-logic [25] and pomset-logic [47] introduce a non-commutative336

and self-dual connective ↫ called seq or before to the logic. That is, for each pair of337

propositions A and B, unlike other connectives such as ↔, &, & or ∋, there is no symmetry338

rule A↫B =↓ B↫A, and it admits De Morgan duality with itself (A↫B)↑ ⇒↓ A
↑↫B

↑.339

Both BV-logic and pomset-logic are conservative extensions of MLL + nullary and binary340

MIX.341

BV-logic can be seen as a linear logic with causality relation, where A ↫ B means A342

happens before B. We list below two illustrative derivations in BV.343

A ↔ B ↗ A ↫ B ↗ A

&

B (A ↫ C) ↔ (B ↫ D) ↗ (A ↔ B) ↫ (C ↔ D)344

In linear logic, A ↔ B can be understood as a pair of resources A and B. Here, in BV-logic,345

we can additionally assume A ↔ B as a pair without causal ordering. Therefore, the first346

derivation above A ↔ B ↗ A ↫ B can be interpreted as “from a pair of resources A ↔ B, we347

can force a causal relation to obtain A↫B”. Dually, A

&

B can be understood as a pair with348

some causation. So A ↫ B ↗ A

&

B can be interpreted as “by forgetting the detail of causal349

relation A ↫ B, we obtain a pair of resource with unknown causation A

&

B”. The second is350

the interchange rule, which can also be understood similarly as, “by assuming extra causal351

relations from A to D and from B to C, we can obtain (A ↔ B) ↫ (C ↔ D) from A ↫ C352

and B ↫ D”. Similar interchange rules also appear in other logic literature that addresses353

causality in a context of concurrency [29, 44].354

BV-logic is famous for its style of inference rules called deep inference [54]. Deep inference355

can be seen as a special kind of sequent calculus, and adopted by BV-logic to admit cut356

elimination. While usual sequent calculi have rewriting rules that only pattern match the357

outermost connective of a formula, deep inference allows one to pattern match a formula358

recursively at arbitrary depth, described as follows:359

A ↗ B

S{A} ↗ S{B}
where

S{·} ::= {·} | A ↔ S | S ↔ A | A ↫ S

| S ↫ A | A

&

S | S

&

A.
360

3.1 Intuitionistic BV361

Since we use a logic in this paper to define a type system for a lambda calculus, it is natural,362

via the Curry-Howard correspondence, to consider the intuitionistic variant of BV logic.363

Intuitionistic BV-logic (IBV) was introduced in [3]. In IBV, we have ↭ instead of &as364

in MILL. IBV is proven to be a conservative extension of MILL. It is also defined by deep365

inference rules so that it admits cut elimination.366
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A ↗ A
!, A, B ↗ C

!, A ↔ B ↗ C

! ↗ A !→ ↗ B

!, !→ ↗ A ↔ B

!, A ↗ B

! ↗ A ↭ B

! ↗ A !→
, B ↗ C

!, !→
, A ↭ B ↗ C

! ↗ A

!, I ↗ A
↗ I

! ↗ A !→
, A ↗ B

!, !→ ↗ B
↗ I ↫ I

!, A ↗ B !→
, C ↗ D

!, !→
, A ↫ C ↗ B ↫ D

! ↗ A ↫ C !→ ↗ B ↫ D

!, !→ ↗ (A ↔ B) ↫ (C ↔ D)
! ↗ (A ↭ C) ↫ (B ↭ D)
! ↗ (A ↫ B) ↭ (C ↫ D)

(A ↫ B) ↫ C △↗ A ↫ (B ↫ C)

Figure 2 Derivation rules in sequentIBV.

We present a simplified sequent calculus sequentIBV for IBV in Figure 2. Instead of367

having deep inference rules to admit cut-elimination, we rather define it as a usual sequent368

calculus. This also allows us to significantly reduce the number of rules which were needed in369

IBV to comprehensively represent all normal forms. As we will see in the next section, the370

correspondence between proofs and programs becomes much clearer in this simpler sequent371

calculus style definition.372

As expected, sequentIBV and IBV have the same expressivity.373

⊜ Proposition 5. A ↗ B is derivable in sequentIBV if and only if A ↭ B is derivable in374

IBV [3].375

Sketch of Proof. Checking that all sequents in IBV are provable in sequentIBV is easy.376

One can also check that all basic derivations in IBV can be also proven in sequentIBV. To377

check that all derivations in IBV that use the deep inference principle in the proof are also378

derivable in sequentIBV, it su!ces to prove that, in sequentIBV, if X ↗ Y is derivable, then379

S{X} ↗ S{Y } (or S{Y } ↗ S{X} if the hole in S is at the negative position) is also derivable380

for each following S defined by381

S{·} ::= {·} | A ↔ S | S ↔ A | A ↫ S | S ↫ A | A ↭ S | S ↭ A.382

For example, if S = {·} ↫ A, this can be done as follows:383

ω

X ↗ Y A ↗ A

X ↫ A ↗ Y ↫ A . ≿384

3.2 First Order Proposition in Causal Logic385

Simmons and Kissinger [52] defined causal logic as an extension of pomset-logic obtained386

by adding first-order propositions. This is a particularly natural extension: for example, in387

the proof-net style proof of linear logic, it is shown that, in an appropriate sense, adding388

the seq-connective is equivalent to adding first-order propositions [52, Proposition 4.13].389

Concretely, these first-order propositions satisfy the following.390

▽A : first-order, A ↔ B △↗ A ↫ B and B ↫ A △↗ B

&

A391

Recalling that A ↔ B ↗ A↫B ↗ A

&

B is already derivable in BV or pomset-logic, this means392

we can prove the converse if we assume first-orderness for some propositions. Such first-order393

propositions can be seen as “data without input” or “data without past”. So, when A is394
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Types A, B ::= d (∝ N+) | ↙ | A ↔ B | A ↫ B | A ↭ B

First-order types F : FO ::= d | ↙ | F ↔ F | F ↫ F

Terms M, N ::= x | () | εx. M | M N | M ↔ N

| let _ = M in N | let x ↔ y = M in N

| M ↫ N | let x ↫ y = M in (N1 ↫ N2)
| assoc↭L (M) | assoc↭R(M) | interch(M)
| await(M) | expose(M)
| ̸f7 | |0↑ | U | qif M then N1 else N2

where f in ̸f7 is a type isomorphism, defined at (1).
Abbreviations: qbit := 2, (let x = M in N) := (εx. N)M, A ↬ B := B ↫ A.

Figure 3 The syntax of ωqif.

first-order, the causal relation A↫B says “B can be obtained after A is obtained”, but since395

there is nothing to wait to obtain A, this is simply the same as having a pair A ↔ B.396

In particular, in our intuitionistic setting, we can replace B ↫ A △↗ B

&

A with B ↭397

(C ↫ A) △↗ (B ↭ C) ↫ A, where the left-to-right implication is always possible.398

4 Language for Pure Quantum Computation399

We now present our language ε
qif. Our language is pure (measurement-free), higher-order,400

and has quantum conditional branching. We also have a type system inspired by IBV, so we401

have the ↫ type representing causal ordering.402

4.1 Syntax403

We define the syntax of our language ε
qif in Figure 3.404

Types. For the types, we have d (a positive natural number) that represents qudits, which405

are quantum data types of d dimensions. Our language is based on Intuitionistic BV-logic,406

and has ↔ (tuple type), ↙ (unit type), ↫ (causal ordering), and ↭ (function type). We have407

first-order types, corresponding to first-order propositions. The atomic types d and ↙ are408

first-order, and they are closed under ↔ and ↫, but not under ↭.409

Terms. In our language ε
qif, we have terms that are derived from linear lambda calculus,410

BV-logic, and pure quantum computation.411

In the first two lines of Figure 3, we have some terms taken from standard linear lambda412

calculus. We have x (variable), () (the value of the type ↙), εx.M (lambda abstraction),413

M N (function application), M ↔ N (pair of terms), and two let bindings corresponding to414

↙ and ↔. The usual let binding can be derived as (εx.N)M .415

In the next two lines, we have some terms derived from BV-logic. We have M ↫ N416

(causally ordered terms) and a let binding for ↫. We also have explicit associators assoc↭R417

and assoc↭L for ↫, which are the inverse of each other. The term interch corresponds to the418

interchange rule in BV-logic.419
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x : A ↗ x : A ↗ () : ↙
!, x : A ↗ M : B

! ↗ εx.M : A ↭ B

! ↗ M : A ↭ B !→ ↗ N : A

!, !→ ↗ M N : B

! ↗ M : A !→ ↗ N : B

!, !→ ↗ M ↔ N : A ↔ B

! ↗ M : ↙ !→ ↗ N : A

!, !→ ↗ let _ = M in N : A

! ↗ M : A ↔ B x : A, y : B, !→ ↗ N : C

!, !→ ↗ let x ↔ y = M in N : C

! ↗ M : (A ↫ B) ↫ C

! ↗ assoc↭L (M) : A ↫ (B ↫ C)

! ↗ M : A ↫ (B ↫ C)
! ↗ assoc↭R(M) : (A ↫ B) ↫ C

seq-intro
! ↗ M : A !→ ↗ N : B

!, !→ ↗ M ↫ N : A ↫ B

let-seq
!0 ↗ M : A ↫ B x : A, !1 ↗ N1 : C y : B, !2 ↗ N2 : D

!0, !1, !2 ↗ let x ↫ y = M in (N1 ↫ N2) : C ↫ D

interch
! ↗ M : (A ↫ C) ↔ (B ↫ D)

! ↗ interch(M) : (A ↔ B) ↫ (C ↔ D)

await
! ↗ M : A ↫ B A : FO

! ↗ await(M) : A ↔ B

expose
! ↗ M : B ↭ (C ↫ A) A : FO

! ↗ expose(M) : (B ↭ C) ↫ A

type-iso
f : A ↖= B

↗ ̸f7 : A ↭ B

qinit
↗ |0↑ : d

unitary
U : Cn ≃⇐ Cn; Unitary

↗ U : n ↭ n

qif
! ↗ M : qbit !→ ↗ N1 : A !→ ↗ N2 : A

!, !→ ↗ qif M then N1 else N2 : qbit ↬ A

Figure 4 Typing rule of ωqif.

The terms await and expose are the special rules for first-order types, which will be420

explained along with the typing rules in Section 4.2.421

In the last line, we have some quantum primitives. We have |0↑ (qubit initialization),422

U (unitary map), and qif (quantum conditional). We also have a casting ̸f7 along a type423

isomorphism f : A ↖= B, where type isomorphism is defined as a congruence relation as424

1 ↖= ↙, n ↔ m ↖= n ∈ m. (1)425

4.2 Typing Rules426

The typing rules for ε
qif are given in Figure 4. Typing rules for terms derived from linear427

lambda calculus are standard and can be found in the literature.428

We explain the terms that are derived from BV-logic. The two associators have the type429

as expected. With the typing rule seq-intro, we can introduce a term of ↫-type. This rule,430

for example, allows us to derive a term of type A ↔ B ↭ A ↫ B as431

↗ εx. let y ↔ z = x in (y ↫ z) : A ↔ B ↭ A ↫ B.432

With let-seq, we can destruct a term of type A ↫ B. This corresponds to the functoriality433

of ↫. The rule interch corresponds to the interchange law in BV-logic. Notably, from this434

rule, we can also derive its dual, as in Figure 5.435
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! ↓ M : (A ↭ C) ↫ (B ↭ D)
!, x : A ↫ B ↓ M ↔ x : ((A ↭ C) ↫ (B ↭ D)) ↔ (A ↫ B)

!, x : A ↫ B ↓ interch(M ↔ x) : ((A ↭ C) ↔ A) ↫ ((B ↭ D) ↔ B)
y : (A ↭ C) ↔ A ↓ let · · · : C
z : (A ↭ C) ↔ A ↓ let · · · : D

! ↓ ωx. let y ↫ z = (interch M ↔ x) in (let y1 ↔ y2 = y in y1 y2) ↫ (let z1 ↔ z2 = z in z1 z2) : (A ↫ B) ↭ (C ↫ D)

Figure 5 A term corresponding to the dual of the interchange rule

The await and expose rules are the rules that are not derived from the original BV-logic,436

but from the extension of adding first-order propositions. Intuitively, with the term await, if437

A is first-order, we can obtain a pair of data A and B from causally ordered data A ↫ B438

by “waiting” for the computation that produces A to finish. On the other hand, with the439

term expose, again if A is first-order, we can “expose” the output data A from a function440

B ↭ (C ↫ A) before it is actually executed, but with a restriction that says A has to be441

used after the function B ↭ C is resolved. Note that expose is the only structural term442

with no corresponding one when we replace every occurrence of ↫ with ↔.443

In the remaining terms, we have type-iso for type casting, qinit for qudit initialization,444

and unitary for unitary maps. The last rule qif for quantum conditional statement is445

notable. The qif term takes a qbit as an input for the condition, and returns data of the446

type qbit ↬ A, creating the superposition of N1 and N2 of type A. An intuition behind this447

typing rule is that, since the control qubit is required in the execution of A, we have to448

wait until A is resolved to reuse the control qubit. In fact, for example, when A is given by449

B1 ↭ B2 ↭ · · · Bn ↭ n, the return type qbit ↬ A has the following equivalence of types450

qbit ↬ A ∀ qbit ↬ (B1 ↭ B2 ↭ · · · Bn ↭ n) ∀ B1 ↭ (qbit ↬ B2 ↭ · · · Bn ↭ n)451

· · · ∀ B1 ↭ B2 ↭ · · · Bn ↭ (qbit ↬ n) ∀ B1 ↭ B2 ↭ · · · Bn ↭ (qbit ↔ n),452

which means that the control qubit is returned only after the execution of A is complete.453

Note that this equivalence relies heavily on the fact that qbit is first-order.454

⊜ Remark 6. We defined the type of qif by qbit ↬ A based on IBV (↔,↭,↫), but we could455

instead define the type as qbit &

A and adopt classical MLL types (↔,

&). Indeed, we can456

have a similar type equivalence with this definition.457

qbit &(B1 ↭ B2 ↭ · · · Bn ↭ n) ↖= B1 ↭ B2 ↭ · · · Bn ↭ (qbit &

n),458

Using qbit &

A instead of qbit↬A can be justified by a law of causal logic, qbit↬A ↖= qbit &

A.459

The reason why we use IBV and causal logic is as follows. First, classical MLL involves460

computational complications arising from its classical nature, whereas the intuitionistic461

system IBV is easier to relate to programs. Second, a type system based on classical MLL462

needs an additional isomorphism qbit &

n ↖= qbit ↔ n, of which justification cannot be found463

except for causal logic. Third, we also believe our explanation that “the control qubit should464

live after the execution of the branches” intuitively motivates the introduction of ↫. ≿465

The next proposition states that our language covers all derivable proofs in IBV.466

⊜ Proposition 7. Each sequentIBV derivation has a corresponding term in ε
qif. ≿467

⊜ Remark 8. Since sequentIBV does not admit cut elimination, our language based on it does468

not have a natural operational semantics. The language we propose is intended for writing469

supermaps, and given that not every supermaps inherently possess a natural operational470

meaning, we deliberately choose not to attempt to define an operational semantics in this471

paper. ≿472
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4.3 Examples473

⊜ Example 9. In our language, we can define the following term SWITCH that makes the474

superposition of the order of two function applications as the quantum SWITCH [17]. We475

write g → f to mean εy. g (f y).476

x : qbit, f, g : A ↭ A ↗ qif x then g → f else f → g : qbit ↬ (A ↭ A)477

When A = d for some d ∝ N+, we will later see that the semantics of this term actually478

defines the quantum SWITCH. In this case, the type equivalence above means that this term479

is essentially equivalent to the following term480

x : qbit, f, g : d ↭ d ↗ εy. await(qif x then g (f y) else f (g y)) : d ↭ (qbit ↔ d)481

where the variable y now appears as an input to the term. ≿482

⊜ Example 10. Let us assume that we are given two functions ! ↗ M : A ↭ A
→ ↔ C and483

!→ ↗ N : C ↔ B ↭ B
→, and we want to connect these via C as in the following circuit.484

C

A
M

A’

NB B’
485

In our language, we can describe this term with the type (A ↭ A
→) ↫ (B ↭ B

→), reflecting486

the fact that information flows only from A = (A ↭ A
→) to B = (B ↭ B

→). To do so, we487

assume that C is first-order, ensuring that no information flows backward through the output488

C of M . Then we can derive the following terms.489

! ↗ expose(εa. let a
→ ↔ c = M a in a

→ ↫ c) : (A ↭ A
→) ↫ C490

!→ ↗ εc. εb. N (c ↔ b) : C ↭ (B ↭ B
→)491

Let us denote these terms as ! ↗ M
→ : A↫C and !→ ↗ N

→ : C ↭ B. We also have the following492

term x : C ↫ (C ↭ B) ↗ L : B.493

x : C ↫ (C ↭ B) ↗ let c ↔ f = await(x) in (f c) : B494

Then we can derive the following495

!, !→ ↓ M → ↫ N → : (A ↫ C) ↫ (C ↭ B)
!, !→ ↓ assoc↭L(M → ↫ N →) : A ↫ (C ↫ (C ↭ B))

!, !→ ↓ let a ↫ x = assoc↭L(M → ↫ N →) in (a ↫ L) : A ↫ B496

which has the desired type. ≿497

⊜ Example 11. Let us assume we are given a supermap ! ↗ M : (A ↭ B) ↭ C and a map498

!→ ↗ N : A ↔ A
→ ↭ B ↔ B

→, and we want to connect them via A and B as in the following499

image to obtain a map of type A
→ ↭ B

→ ↔ C.500

A B

C

A
→

B
→

M

N

501
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We first assume that B
→ is first-order. Then we have the following terms M

→ and N
→.502

! ↗ M ↫ () : ((A ↭ B) ↭ C) ↫ ↙503

!→
, a

→ : A
→ ↗ expose(εa. let b ↔ b

→ = N(a ↔ a) in b ↫ b
→) : (A ↭ B) ↫ B

→
504

Now, the term interch(M → ↔ N
→) has type (((A ↭ B) ↭ C) ↔ (A ↭ B)) ↫ (I ↔ B

→). From505

the left-hand side of ↫, we can obtain C, and from the right-hand side, we can obtain B
→.506

Therefore, there is a term L of type !, !→
, a

→ : A
→ ↗ L : C ↫ B

→. By assuming that C is also a507

first-order type, we can obtain the term !, !→ ↗ εa
→
. await(L) : A ↭ C ↔ B

→.508

In particular, when we are given another supermap of type (A→ ↭ B
→) ↭ C

→ as an input,509

where C
→ is also FO, we can connect A

→ and B
→ again to obtain C ↔ C

→ as in510

. ≿511

⊜ Example 12. In our language, we can define the following map512

x, y : qbit, f, g : qbit ↭ qbit513

↗ qif x then SWITCH (y, f, g) else (f y) ↬ g : qbit ↬ (qbit ↭ qbit),514

where SWITCH is the term defined in Example 9. The qubit y is used as a control in the515

then branch and as an input of f in the else branch. Therefore, this function cannot be516

represented in a language that separates “control” qubits and “target” qubits as in [18]. ≿517

4.4 Degenerate Categorical Semantics518

A degenerate categorical semantics for our language can be given in Hilb, using the compact519

closed structure where n ↔ m = n ↫ m = n ↭ m = n ∈ m.520

For a type A, its categorical semantics !A"Hilb ∝ Hilb is inductively defined as follows:521

!n" = n, !↙" = 1, !A ↔ B" = !A ↫ B" = !A ↭ B" = !A" ↔ !B".522

The semantics for terms ! ↗ M : A is given in Figure 6 as a morphism !M"Hilb : !!" ⇐ !A"523

in Hilb where !!" represents the tensor product of the semantics of types in !. For most of524

the terms, the semantics are based on standard linear lambda calculus. For example, the525

semantics of lambda abstraction and function application are defined via the monoidal closed526

structure of Hilb. As already noted, by identifying ↫ and ↔, all the terms in the first three527

lines of Figure 6 can be regarded as those in a standard linear lambda calculus. For example,528

the term let x ↫ y = M in (N1 ↫ N2) is identified with let x ↔ y = M in (N1 ↔ N2), so they529

are defined to have the same semantics.530

In the last line of Figure 6, we have the definition of semantics of await, expose, and531

the three quantum primitives. For await and expose, the domain and the codomain of the532

semantics in Hilb match, so they can be simply defined as the identities. The semantics of533

|0↑ and U are defined by the followings.534

|0↑ : I ≃⇐ d; 1 ⇑≃⇐ |0↑ , U : d ≃⇐ d; |ς↑ ⇑≃⇐ U |ς↑ .535
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!x : A ↗ x : A" = id!A" !()" = idI !εx. M" = #!!",!A",!B"!M"

!M N" = ev!A",!B" → (!M" ↔ !N") !M ↔ N" = !M ↫ N" = !M" ↔ !N"

!let _ = M in N" = !M" ↔ !N" !let x ↔ y = M in N" = !N" → (!M" ↔ id!!→")

!let x ↫ y = M in (N1 ↫ N2)" = (!N1" ↔ !N2")σ(!M" ↔ id!!1" ↔ id!!2") !assoc↭R" = ϑ

!assoc↭L " = ϑ
↔1 !interch(M)" = σ → !M" !await(M)" = !M" !expose(M)" = !M"

!|0↑" = |0↑ !U" = U !qif M then N1 else N2" = qif A → (!M" ↔ ⇓!N1", !N2"↑)

Figure 6 Degenerate categorical semantics in Hilb.
Here, ”X,Y,ZF : X → (Y ↭ Z) is the transpose map of F : X ↔ Y → Z, evX,Y : (X ↭ Y ) ↔ X → Y
is the evaluation map, ε : X ↔ Y ↔ Z ↔ W → X ↔ Z ↔ Y ↔ W is the isomorphism that swaps the
middle two, ↗f, g↘ : X → Y ↔ Z is the map that is obtained from the universality of the product
from f : X → Y and g : X → Z.

For the semantics of qif M then N1 else N2, we use a linear map qif n : 2↔(n∋Hilbn) ≃⇐ 2↔n536

for each object n as follows:537

qif n : 2 ↔ (n ∋ n) ≃⇐ 2 ↔ n

|0↑ ↔ (|▷↑ ∋ |ς↑) ⇑≃⇐ |0↑ ↔ |▷↑
|1↑ ↔ (|▷↑ ∋ |ς↑) ⇑≃⇐ |1↑ ↔ |ς↑ .

538

The following two examples show that the semantics of quantum conditional branching is539

defined as expected with this map qif n.540

⊜ Example 13. Let M be (qif x then U y else y). This term has the type derivation x, y : qbit ↗541

M : qbit ↬ qbit, and the semantics are given by the controlled-U gate as !M" = CU. ≿542

⊜ Example 14. When A ∝ N+, the semantics of the term x : qbit, f, g : A ↭ A ↗ SWITCH :543

qbit ↬ (A ↭ A) we defined in Example 9 coincides with the usual quantum SWITCH [17]544

described as545

(ϑ |0↑ + ϖ |1↑) ↔ f ↔ g ⇑≃⇐ (ϑ |0↑ ↔ (gf)) + (ϖ |1↑ ↔ (fg)). ≿546

⊜ Remark 15. It is worth noting that a closed monoidal category is a (degenerate) model of547

IBV, in which (A↫B) ↖= (A↔B). This is in contract to the classical setting: a ↘-autonomous548

category is not necessarily a model of BV logic. The di"erence comes from the self-duality of ↫549

required only in the classical case. A model of (classical) BV logic satisfying (A↫B) ↖= (A↔B)550

also satisfies (A ↔ B) ↖= (A ↫ B) ↖= ¬((¬A) ↫ (¬B)) ↖= ¬((¬A) ↔ (¬B)) ↖= (A &

B), so it is551

compact closed. We think that this di"erence in the behavior of ↫ between the intuitionistic552

and classical settings is interesting, although we cannot discuss it further in this paper. ≿553

5 Causal Model of Pure Quantum Computation554

Although we have already defined a categorical model of ε
qif in Section 4.4, it does not555

reflect the causal structure of the language well enough since it is defined in Hilb where556

↔ = ↫ = &. This is problematic and does not allow us to analyze our language in detail.557

For example, it is not easy to prove whether there is no program that increases the total558

probability of a state as in the paradox we explained in the Introduction.559
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In this section, we construct a new categorical model of pure quantum computation560

CausHilb, which has enough structure to interpret BV-logic and our language.561

5.1 Caus Construction562

Kissinger, Uijlen and Simmons [35, 51] have developed a construction of a categorical model563

of causality, called the Caus construction. With the Caus construction, from a compact closed564

category C with products and discarding maps, called an additive precausal category, one can565

construct a category Caus[C] that captures the essence of causal ordering of processes. Here,566

we briefly review their results.567

⊜ Definition 16. A compact closed category C with products is called additive precausal if it568

is equipped with a family of morphisms { A ∝ C(A, I)}A↘C satisfying the following axioms.569

AP1. A≃B = A ↔ B, I = idI , A⇐B = A ∋ B.570

AP2. A → A is invertible for any A ∃= 0, where A := ( A↑)↓.571

AP3. For each A, there exists a finite set {ϱi ∝ C(I, A)}n
i=1

such that A → ϱi = idI and572

jointly monic, i.e., ▽f, g ∝ C(A, B). (▽i. f → ϱi = g → ϱi) =↓ f = g.573

AP4. For the commutative semiring of scalars R := C(I, I), the addition is cancellative, the574

canonical preorder induced by addition is total, and R
↗ forms a group by multiplication.575

AP5. ▽ω ∝ C(A, I). ¬ω
→ ∝ C(A, I). ¬ε ∝ R. ω + ω

→ = ε · A. ≿576

⊜ Definition 17. Let C be an additive precausal category. For a set c ∅ C(I, A), we define577

the set c
↓ ∅ C(A, I) by {ω ∝ C(A, I) | ▽ϱ ∝ c. ω → ϱ = idI}. If c

↓↓ = c holds, c is called closed.578

A set c ∅ C(I, A) is called flat if there exist invertible scalars µ and ◁ such that µ · A ∝ c579

and ◁ · A ∝ c
↓.580

The category Caus[C] consists of the following: An object is a pair A = (A, cA) of581

an object A and a closed and flat set cA ∅ C(I, A). A morphism f : A ≃⇐ B is a map582

f ∝ C(A, B) such that ▽ϱ ∝ cA. f → ϱ ∝ cB. ≿583

The category Caus[C] is a full subcategory of T(C) where the objects are pairs (A, cA)584

of an object A and a closed set cA. In [32], this category T(C) is called the tight category585

induced by focussed orthogonality for the singleton set {idI} ∅ R, so it is ↘-autonomous. By586

proving flatness is closed under all ↘-autonomous structures, one can prove the following.587

⊜ Proposition 18 ([35]). Caus[C] is a ↘-autonomous category with products, where the588

monoidal structure and dual are defined as follows. The obvious forgetful functor Caus[C] ≃⇐589

C preserves all structures on the nose.590

I := (I, {idI}) A
↓ := (A, c

↓
A

)591

A ↔ B := (A ↔ B, cA≃B := {ϱA ↔ ϱB | ϱA ∝ cA, ϱB ∝ cB}↓↓) ≿592

⊜ Example 19. CPM is additive precausal, thus it admits the Caus construction. ≿593

5.2 Our Categorical Model: CausHilb594

The Caus construction is indeed a remarkable construction. It is not only ↘-autonomous, but595

can also interpret derivations in BV-logic. Moreover, Caus[CPM] does provide a categorical596

model that captures causal relationships in quantum computing. However, it does not597

provide a model for our language. In particular, the semantics of quantum conditional598

qif in our language is defined using the additive enrichment in Hilb corresponding to599

LICS 2026



57:18 Causality in Pure Quantum Computation with Quantum Control

quantum superposition, which is not in CPM or Caus[CPM], where the additive enrichment600

corresponds to probabilistic mixing.601

One might then consider applying the Caus construction to Hilb, but this does not work602

since Hilb is not additive precausal. In fact, the requirement for a category to be additive603

precausal is quite strong. For example, AP4. asks the scalars to be totally ordered like R+,604

which is not the case for Hilb(1, 1) = C.605

Instead of directly applying the Caus construction to Hilb or CPM, we define a category606

by gluing together the structure in Hilb and Caus[CPM] as follows.607

⊜ Definition 20. The category CausHilb consists of the following: Objects of CausHilb608

are given by pairs (n, c) of a natural number n and a closed and flat set c ∅ CPM(1, (n)).609

Morphisms from (n, c) to (m, c
→) are linear maps f ∝ Hilb(n, m) such that ▽ϱ ∝ c, (ιf)→ϱ ∝ c

→.610

There is a canonical forgetful functor CausHilb ≃⇐ Hilb, and a functor CausHilb ≃⇐611

Caus[CPM] which maps (n, c) to ((n), c) and f to ι(f).3 ≿612

In fact, there is an alternative definition for CausHilb.613

⊜ Lemma 21. The following diagram is a pullback square in Cat.614

CausHilb

Hilb

Caus[CPM]

CPM
ε

U ≿ (2)615

⊜ Proposition 22. CausHilb is ↘-autonomous and the functors CausHilb ≃⇐ Hilb and616

CausHilb ≃⇐ Caus[CPM] preserves all ↘-autonomous structures on the nose.617

Proof. The category AutCat of ↘-autonomous categories and functors that preserve every618

structure on the nose is monadic over Cat [11]. So the forgetful functor AutCat ≃⇐ Cat619

creates limits. Since the cospan in the diagram (2) is a cospan in AutCat, CausHilb is620

also ↘-autonomous. ≿621

From the previous proposition, we can easily compute the ↘-autonomous structure in622

CausHilb. For example, the monoidal unit is I := (1, {idI}), and the monoidal product623

of objects can be computed in Caus[CPM], i.e., an object (n, cA) ∝ CausHilb can be624

identified with an object of ((n), cA) ∝ Caus[CPM], and the monoidal product can be625

computed via this identification. Note that, even though we can compute the structure in626

such a way, CausHilb ≃⇐ Caus[CPM] is not full or faithful and the categories themselves627

are very di"erent.628

⊜ Proposition 23. CausHilb has all finite products and coproducts, preserved by the forgetful629

functor CausHilb ≃⇐ Hilb.630

Proof. Let A = (A, cA) and B = (B, cB) be objects of CausHilb. Without loss of generality,631

we assume A ∝ cA and B ∝ cB. The product of the objects is given by632

A ∈ B := (A ∋Hilb B, {ϱ | (ιpA)ϱ ∝ cA, (ιpB)ϱ ∝ cB}),633

where pA is the projection A ∋Hilb B ≃⇐ A in Hilb. Since CausHilb is self-dual, it also634

admits coproducts A ℜ B := (A↓ ∈ B
↓)↓. ≿635

3 Abusing the notation, we also write the functor CausHilb ≃→ Caus[CPM] as ϑ.
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5.3 BV-category636

We now show that our model forms a BV-category, in which BV-logic has interpretation.637

BV-category was first defined in [12], and later studied in [28] in detail. We first sketch the638

definition of BV-categories, asking the reader to consult the other papers for details.639

⊜ Definition 24 ([12, 28]). A BV-category is a category with three monoidal structures ↔,640 &, and ↫ with isomorphic units I ↖= I
↓ ↖= J , with the following structures:641

a ↘-autonomous isoMIX structure with respect to ↔ and &,642

a self-dual structure (A ↫ B)↓ ↖= A
↓ ↫ B

↓,643

a duoidal category structure with respect to ↔ and ↫, i.e., interchange natural transform-644

ation 0 : (A↫C) ↔ (B ↫D) ≃⇐ (A ↔ B)↫ (C ↔ D) that is compatible with the monoidal645

structures,646

and another duoidal category structure with respect to ↫ and &, which derives as the647

dual of that for ↔ and ↫. ≿648

To distinguish three associators and left/right unitors for BV-categories, we call them ϑ
•,649

φ
• and r

• for each • ∝ {↔,

&

,↫}.650

⊜ Remark 25. Although the BV-categories are expected to serve as a sound model of651

BV-logic in a certain appropriate sense, this remains a partially open problem. Recently,652

Acclavio et al. [4] have proven that a strong BV-category, which is a special BV-category653

with a faithful embedding into a compact closed category that satisfies some coherence654

axioms, does model BV-logic in an appropriate sense. Our model and the forgetful functor655

CausHilb ≃⇐ Hilb defines a strong BV-category, so it is a model of BV-category. ≿656

Rather than directly proving that CausHilb is a BV-category by spelling out all coherence657

diagrams and risking overlooking something, we shall prove this by showing that pullbacks658

in Cat preserve the BV-category structure. For this purpose, we first state that the other659

three categories Hilb, CPM, and Caus[CPM] are BV-categories.660

⊜ Proposition 26. A compact closed category is a BV-category where ↔ = ↫ = &. ≿661

⊜ Theorem 27 ([51]). Caus[C] is a BV-category and all structures are preserved on the nose662

by the forgetful functor Caus[C] ≃⇐ C. The object A ↫ B is defined by (A ↔ B, cA↭B) where663

cA↭B :=
{

h ∝ C(I, A ↔ B)
∣∣ ▽ω, ω

→ ∝ c
↓
B

, (idA ↔ ω) → h = (idA ↔ ω
→) → h ∝ cA

}
≿664

To prove that pullbacks preserve BV-category structures, we use a consequence of665

categorical universal algebra.666

⊜ Lemma 28. The category of BV-categories and functors that strictly preserve every667

structure on the nose is finitary monadic over Cat.668

Sketch of proof. The theory of categories TCat can be given as a partial Horn theory [43]669

of two sorts C0 (objects) and C1 (morphisms) with function symbols such as dom: C1 ⇐670

C0. The theory of BV-categories can be given by adding more function symbols such as671

↫0 : C0, C0 ⇐ C0 (the action of the functor ↫ to objects) or 0 : C0, C0, C0, C0 ⇐ C1 (the672

natural transformation 0) and many equations corresponding to the coherence diagrams.673

Therefore, the theory of BV-categories can be written as a TCat-relative algebraic theory in674

[34], so the category of BV-categories is monadic over Cat. ≿675

⊜ Corollary 29. CausHilb is a BV-category, and all structures are preserved on the nose676

by the functors CausHilb ≃⇐ Hilb and CausHilb ≃⇐ Caus[CPM].677
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Proof. From Lemma 28, the forgetful functor creates the pullback (2) in Cat. ≿678

The BV-category structure of CausHilb on objects can also be computed via the679

identification through ι. That is, since ι is injective on objects, A ↫ B in CausHilb can680

be computed by computing (ιA) ↫ (ιB) in Caus[CPM]. On the other hand, for any681

morphisms f ∝ CausHilb(A, B) and g ∝ CausHilb(A→
, B

→), since the forgetful functor682

to Hilb preserves the structures, the underlying morphisms of f ↔ g, f

&

g, and f ↫ g in683

CausHilb are all f ↔ g ∝ Hilb(A ↔ A
→
, B ↔ B

→).684

5.4 First-order Objects in CausHilb685

In a category constructed by the Caus construction [35, 51, 52], it has been shown that686

the objects called first-order are particularly crucial. These are the objects that can be687

written as (A, { A}↓) ∝ Caus[C]. Among all objects (A, cA) whose underlying object is688

A ∝ C, such first-order objects are the ones that have the maximal set cA ∅ C(I, A). Since689

an intuitive meaning of cA is the collection of causally coherent states, first-order objects are690

the most unrestricted, simplest objects. For example, in the category Caus[CPM], the full691

subcategory of first-order objects defines the category CPTP, the category of completely692

positive trace preserving maps, which is a natural model of first-order quantum computation.693

The most important aspect of first-order objects is that, it models the first-order proposi-694

tions in the causal logic. Indeed, in [52], Simmons and Kissinger have shown that Caus[C]695

defines a complete model of causal logic for any non-trivial C.696

In our model CausHilb, in addition to the BV-category structure, we can also inherit697

first-order objects from Caus[CPM]. We also see that these objects indeed capture first-order698

pure quantum computation.699

⊜ Definition 30. An object (n, cA) in CausHilb is called first-order if cA = {
(n)

}↓.4 ≿700

⊜ Theorem 31. The full subcategory of first-order objects in CausHilb is isomorphic to the701

category Isom of isometries, i.e., the category whose objects are natural numbers and whose702

morphisms n ≃⇐ m are isometries Cn ≃⇐ Cm.703

Proof. Let us denote the first-order object (n, {
(n)

}↓) as n. A morphism n ≃⇐ m in704

CausHilb is a linear map |ς↑ ⇑≃⇐ V |ς↑ such that ϱ ⇑≃⇐ V ϱV
† defines a trace-preserving705

map. Such V is an isometry. ≿706

⊜ Remark 32. As in Caus[C], first-order objects are closed under ↔, and there, all three707

monoidal products coincide, i.e., n ↔ m = n ↫ m = n

&

m. Also, the dual of a first-order708

object is first-order if and only if it is I.709

On the other hand, in Caus[C], it is shown that first-order objects are closed under710

coproducts, but this is not true in CausHilb. In our model CausHilb, first-order objects711

are closed under neither products nor coproducts. Thus, for example, the semantics of the712

qbit type, which will be defined to be the first-order object 2 in the next section, is not a713

product or coproduct of the units I. ≿714

We show that CausHilb can also model first-order propositions by these first-order objects.715

The key observation here is that the embedding functor CausHilb ≃⇐ Caus[CPM] is716

4 Instead of this definition, we can also define first-order objects as objects whose c↑
A is a singleton.

Since such objects are isomorphic to one of (n, { }↑), these two definitions define an equivalent full
subcategory of CausHilb.
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conservative, i.e., it reflects isomorphisms. From this fact, we can state the following: for717

any proof A ↗ B in BV-logic, we can give a semantics of the proof in CausHilb and718

Caus[CPM] by specifying an object in CausHilb for each atomic proposition that occurs719

in A or B. These semantics are related by the embedding functor. Then, if the semantics720

in Caus[CPM] happened to be an isomorphism, the semantics of the proof in CausHilb721

must also be an isomorphism. This idea can be used in the next proposition.722

⊜ Proposition 33. In the category CausHilb, we have the following natural transformation723

as part of the duoidal structure (↔,↫).724

0A,B,C,D : (A ↫ C) ↔ (B ↫ D) ≃⇐ (A ↔ B) ↫ (C ↔ D).725

From this 0, by assuming B = C = I, we obtain the following 1A,B. Also, by considering726

0
↓
B,C↑,I,A↑ , we obtain the following 2B,C,A.727

1A,B : A ↔ B ≃⇐ A ↫ B 2B,C,A : (B ↭ C) ↫ A ≃⇐ B ↭ (C ↫ A)728

When A is first-order, these morphisms are isomorphisms.729

Proof. The converse A ↫ B ↗ A ↔ B is derivable in the causal logic when A is a first-order730

proposition, and the semantics of the proof gives the inverse of ι(1A,B). Since ι(1A,B) is an731

isomorphism in Caus[CPM], 1A,B is also an isomorphism. The same proof applies to 2. ≿732

⊜ Remark 34. We can also prove this proposition easily by directly checking the existence of the733

inverse, but our approach is much easier to be generalized to any other such morphisms. ≿734

6 Categorical Semantics with Causal Structure735

We now give the semantics of ε
qif in CausHilb and study its properties. We prove the full736

abstraction theorem in Section 6.2, and we study the definability in Section 6.3.737

6.1 Definition of Categorical Semantics738

In this section, we define a refined categorical semantics !≃"CausHilb of ε
qif in CausHilb.739

This categorical semantics has additional information about causality, and by forgetting it,740

we can recover the original degenerate semantics which we defined in Section 4.4. More741

concretely, through the forgetful functor U : CausHilb ≃⇐ Hilb, we can write the semantics742

in Hilb as U!≃"CausHilb = !≃"Hilb.743

The semantics of types are given by the following, relating each syntactic connective with744

its corresponding categorical structure.745

!n" = (n, {
(n)

}↓) !↙" = I = (1, {id(1)}) !A ↔ B" = !A" ↔ !B"746

!A ↫ B" = !A" ↫ !B" !A ↭ B" = !A" ↭ !B"747

For every type, the underlying object in Hilb, i.e., the natural number representing the748

dimension, coincides with the semantics in Hilb. It is notable that, the semantics of first-order749

types are given by first-order objects.750

For each term ! ↗ M : A, its categorical semantics is defined in Figure 7 as a map751

!M"CausHilb : !!" ≃⇐ !A" in CausHilb.752

Similarly to the semantics in Section 4.4, the semantics of the terms in linear lambda753

calculus are defined in a standard way in the monoidal closed category CausHilb. We754

explain the semantics for the following non-trivial ones.755
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!x : A" = id!A" !()" = idI !εx. M" = #!!",!A",!B"!M"

!M N" = ev!A",!B"(!M" ↔ !N") !M ↔ N" = !M" ↔ !N"

!let _ = M in N" = φ
≃(!M" ↔ !N") !let x ↔ y = M in N" = !N" → (!M" ↔ id!!→")

!M ↫ N" = 1!A",!B" → (!M" ↔ !N")

!let x ↫ y = M in (N1 ↫ N2)" = (!N1" ↫ !N2") → 0!A",!B",!!1",!!2" → (!M" ↔ 1!!1",!!2")

!assoc↭R" = ϑ
↭ !assoc↭L " = (ϑ↭)↔1 !interch(M)" = 0!A",!B",!C",!D" → !M"

!await(M)" = 1
↔1

!A",!B" → !M" !expose(M)" = 2
↔1

!B",!C",!A" → !M" !|0↑" = |0↑

!U" = U !qif M then N1 else N2" = qif A → (!M" ↔ ⇓!N1", !N2"↑)

Figure 7 Categorical semantics of terms in CausHilb

For the term !, !→ ↗ M ↫N : A↫B, the semantics is given by a morphism !!" ↔ !!→" ≃⇐756

!A" ↫ !B". To obtain this morphism from !M" and !N", we can first take the ↔-monoidal757

product of them to obtain a map !!" ↔ !!→" ≃⇐ !A" ↔ !B", and then post-compose the map758

1!A",!B" : !A" ↔ !B" ≃⇐ !A" ↫ !B".759

For the term !0, !1, !2 ↗ let x ↫ y = M in (N1 ↫ N2), the semantics is given by a760

morphism of type !!0" ↔ !!1" ↔ !!2" ≃⇐ !C" ↫ !D". This can be obtained as follows:761

!!0" ↔ (!!1" ↔ !!2")
!M"≃ϑ!!1",!!2"≃≃≃≃≃≃≃≃≃≃⇐ (!A" ↫ !B") ↔ (!!1" ↫ !!2")762

ϖ!A",!!1",!B",!!2"≃≃≃≃≃≃≃≃≃≃≃⇐ (!A" ↔ !!1") ↫ (!B" ↔ !!2")763

!N1"↭!N2"≃≃≃≃≃≃≃⇐ !C" ↫ !D".764

For the term qif M then N1 else N2, to define the semantics, it su!ces to show that the765

morphism qif A lifts to CausHilb.766

⊜ Proposition 35. For each object A ∝ CausHilb, the map qif A in Hilb defines a map767

!qbit" ↔ (A ∈ A) ≃⇐ !qbit" ↬ A in CausHilb. ≿768

6.2 Full Abstraction769

Though we do not provide an operational semantics for ε
qif, we can still discuss full abstraction770

for our language. The following term Hd is critical in the proof.771

⊜ Lemma 36. For each d ∝ N+, there is a program ↗ Hd : d ↔ d whose semantics is 1⇒
d
↼d772

where ↼d is the unit ↼d : I ≃⇐ d ↔ d of the compact closed structure in Hilb. ≿773

⊜ Lemma 37. For any type A, there are some natural numbers nA, mA, φA and two terms774

xA : A ↗ MA : nA and yA : mA ↗ NA : A ↫ φA such that !MA" is injective in Hilb and775

(idA ↔ ↽ω)(!N" ↔ idω) : m ↔ φ ≃⇐ A is surjective in Hilb.776

Sketch of Proof. Ignoring some variable renamings and type equivalences, the terms can be777

recursively defined as follows:778

Md = M↑ = x, Nd = N↑ = y,779
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MA≃B = MA ↔ MB , NA≃B = interch(NA ↔ NB),780

MA↭B = let xA ↫ xB = x in (MA ↫ MB),781

NA↭B = let (a ↔ b) ↫ z = interch(NA ↔ NB) in (a ↫ b) ↫ z,782

For the function type, we can define the terms as following. Note that there is a783

equivalence of types A ↭ ((B ↫ φB) ↔ nA) ∀ (A ↭ B)↫ (φB ↔ nA) via the term expose.784

MA↫B = let yA ↔ z
mA = HmA in let z

A ↫ z
ωA = NA in785

((let xB = x z
A in MB) ↫ z

ωB ) ↔ z
mA ,786

NA↫B = εxA. NB ↔ MA. ≿787

⊜ Theorem 38 (Full abstraction). Let ! ↗ M : A and ! ↗ N : A. Then, !C[M ]" = !C[N ]"788

for any context C[≃] of type d ∝ N+, if and only if !M" = !N".789

Proof. From the compositionality of the semantics, the if part is trivial. We prove the790

converse. Let ! = ⇁xi : ⇁Bi. Then, using NBi and interch, we obtain a term L of type791

⇁yi : ⇁mBi ↗ L : (
⊗

Bi) ↫ (
∏

φBi). Now, we define a context D[≃] as follows:792

⇁yi : ⇁mBi ↗ let ⇁xi ↫ z = L in (let xA = [≃] in MA) ↫ z : nA ↫ ∏
φBi .793

From Lemma 37, !D[≃]" defines an injective map Hilb(!!", !A") ≃⇐ Hilb(
∏

i mBi , nA ∈794 ∏
i φBi). For any map f, g ∝ Hilb(n, m), if f ∃= g, there exists a vector |ς↑ of length 1 such that795

f |ς↑ ∃= g |ς↑. Therefore, if !M" ∃= !N", there exists some unitary map U :
∏

mBi ≃⇐
∏

mBi796

that makes the context C[≃] := let ⇁yi = U |0↑ in D[≃] satisfy !C[M ]" ∃= !C[N ]". ≿797

6.3 Causality and Definability798

In this section, we study the class of maps and supermaps that can be described in ε
qif.799

In particular, we prove that every term is causally consistent in the sense that no paradox800

described in the Introduction occurs in ε
qif. We do this by studying the definability of the801

semantics taken in CausHilb.802

First, for first-order maps, we can prove the following:803

⊜ Proposition 39. The semantics of every term x : n ↗ M : m is an isometry. Conversely,804

every map in Isom(n, m) is definable by a term x : n ↗ M : m.805

Proof. It follows from CausHilb(n, m) = Isom(n, m) proved in Theorem 31. For the806

definability, we can define each isometry by a term U(x↔|0↑) for some unitary U : m ↭ m. ≿807

In particular, this fact shows that our language can avoid the paradox regarding the808

quantum conditionals we presented in the Introduction.809

We can also characterize all pure supermaps:810

⊜ Theorem 40. A supermap is pure if and only if it can be represented as ιf for some811

f :
⊗

i(ni ↭ mi) ↭ n ↭ m in CausHilb. In particular, all definable supermaps
⊗

i(ni ↭812

mi) ↭ n ↭ m in our language are pure, and the OCB process [41] is not definable in ε
qif813

since it is not pure.814

Proof. Su!ciency follows from Theorem 31 and a similar observation as in Example 11.815

We prove the necessity. A similar proof can be found in [56]. For each pure supermap816

g :
⊗

i(L(C2
ni ) ↭ L(C2

mi )) ≃⇐ L(C2
n) ↭ L(C2

m), by partially applying swapi : ni ↔817

mi ≃⇐ mi ↔ ni, we obtain an isometry of type n ↔i mi ≃⇐ m ↔i ni. Since the original g can818

be recovered by composing unit and counit of the compact closed structure, and all these819

maps are in the image of the functor ι : Hilb ≃⇐ CPM, the map g itself is in the image of ι.820

Let ιf = g, then since f ∝ Hilb maps isometries to isometry, it is a map in CausHilb. ≿821
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Furthermore, using some facts that have been proven in the quantum community, we can822

extend the result to the supermaps that take at most two inputs:823

⊜ Proposition 41. Every map of type (n ↭ m) ↭ (n→ ↭ m
→) in CausHilb is definable.824

Proof. For single input supermaps (deterministic supermaps), in [15, Theorem 1], it is shown825

that all such maps can be written as εf.V → (f ↔ id) → U → (id ↔ |0↑). ≿826

To discuss supermaps with two inputs, we extend our language by extending the syntax827

of qif to qif M ∞ m then x ⇐ N1 else y ⇐ N0. This represents a coherent branching where,828

it branches to N0 if the control qubit M is |0↑, . . . , |m ≃ 1↑, and it branches to N1 if it is in829

between |m↑, . . . |n + m ≃ 1↑. The typing rule is now modified as follows.830

! ↗ M : n + m !→
, x0 : m ↗ N0 : m ↬ A !→

, x1 : n ↗ N1 : n ↬ A

!, !→ ↗ qif M ∞ m then x1 ⇐ N1 else x1 ⇐ N0 : (n + m) ↬ A831

The original qif M then N1 else N2 can be recovered by qif M ∞ 1 then x ⇐ (x; N1) else832

y ⇐ (y; N0) when m = n = 1. The semantics is defined in the Appendix.833

⊜ Proposition 42. In the language extended by generalizing qif that takes a qudit as its834

condition, every map (n ↭ m) ↭ (n ↭ m) ↭ (n→ ↭ m
→) in CausHilb is definable.835

Proof. For supermaps with two inputs (bipartite supermaps), in [56, Theorem 5], it was836

shown that such maps can be written by a direct sum of two causally ordered processes.837

That is, there is a decomposition of the supermap f838

f(g, h) = V → (f1(g, h) ∋ f2(g, h)) → U(id ↔ |0↑)839

for some unitaries U, V and quantum combs fi : (n ↭ m) ↭ (n ↭ m) ↭ ni ↭ mi which840

can be realized by a composition of isometries. Since this ∋ can be represented with a841

generalized qif, this is definable. ≿842

⊜ Remark 43. However, we conjecture that for supermaps that take three or more inputs,843

there are some maps which are not definable in our language. This is because it is known844

that there are some tripartite supermaps that break causal inequality [6], which do not seem845

to be describable only with qif. ≿846

7 Conclusion847

We have developed a higher-order quantum programming language equipped with a type848

system based on causal logic, together with its categorical semantics. In the presence of849

quantum conditional branching controlling functions, a naïve linear type discipline cannot850

avoid some physically-unrealizable programs. In this paper, we have shown that tools from851

pomset/BV/causal logics [47, 25, 52], namely the seq-connective ↫ and the concept of first-852

order types, resolve this issue. While it has been known that semantic models of quantum853

computation can exhibit structures of causality-aware logics, our results strengthen this854

connection by showing that some ideas from pomset/BV/causal logics are in fact indispensable855

in higher-order quantum computation.856
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