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U: unitary






& : channel



Axioms for controlled-&

Axiom 1. Axiom 2.
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Controlled-& by Purification

Take any Stinespring dilation
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Example of Purification 2.

|0 h
Then

Cannot tell the state
N of the control qubit




No Go Theorem

For each &,

IS determined only up to some unitary.

~ There IS ho unigue canonical choice

Ill-definedness Issue



Second Story: Quantum SWITCH

For each &, F : (C2)®n — (C?)

take their Kraus decompositions
1K ier Lities

SWITCH(&, &) =
t 10)(0] & KoL,
+ |11 & Lj°Ki }i,jeIxJ



Roughly speaking,

(c: control qubit)
SWITCH(&, ) ~

if ¢c then & o & else & o F

BRI

Well-defined




Second Story: Quantum SWITCH

For each &, F : (C2)®n — (C?)

take their Kraus decompositions
1K ier Lities

SWITCH(&, &) =
t 10)(0] & KoL,
+ |11 & Lj°Ki }i,jeIxJ



Question: What'’s the difference?

« General Controlled-&

if ¢ then & lll-definedness issue
* Depend on decomposition

e Quantum SWITCH
Well-defined map
if ¢ then & o &

else & o F * |ndependent of choices of
Kraus-decomp.

. What is the difference?



Analysing SWITCH

1&}-Glul5 17 oLV h

Then SWITCH(&, &)
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Analysing SWITCH

Then SWITCH(S, #) = 4., else
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Observation: correspondence problem

« General Controlled-&

if ¢ then & No correspondence
else Id between then/else

e Quantum SWITCH

if ¢ then & o & Then/else clause share
C/\, Egn
else &0 7 a common auxiliary space



Goal: Programming Language with
guantum control & Type System

Every program should have
a canonical semantics

l.e., ~LGeneral control
SWITCH



Idea: Linear Types for qif

Correspondence of auxiliary spaces
between then/else  H, Hg



Idea: Linear Types for qif

Correspondence of auxiliary spaces

Correspondence of channel usage

qif ¢ then & o &
else & o F



Idea: Linear Types for qif

Correspondence of auxiliary spaces
Correspondence of channel usage

ldea: Linear usage of channels

qif ¢ then & o &
else & o F

= lInear types

Rough ldea:
ough ldea I = channels used in branches

F'-M:A T FM,:A
I, x: gbit = qif x then M, else M, : gbit @ A



Idea: Linear Types for qif

Correspondence of auxiliary spaces
Correspondence of channel usage

ldea: Linear usage of channels

qif ¢ then & o &
else & o F

= lInear types

Rough Idea: .
{1, g } = channels used in branches

g - M A g M, A
f, g, x: gbit = qif x then M; else M, : gbit @ A



Language with 2 derivations
Types = gbit | bool | AQB | A—B

Terms ::= (linear lambda calculus)
| U1l |0) | meas

| qif Mthen N else N, | -

Type derivations
FI—HiIbM:A FFCPMMIA



Sublanguages Hilb & CPM
I I_Hilb M: A pure

e No Boolean, no measurement
* Unitary + linear lambda + qgif

[ I_CPM \Y AN All CPM

o Every types
. meas, |0), ...
* No qif



Typing Rule 1: qif

Typing rule
[ Fhip aif Mthen N else N, : gbit @ A

y: gbit, f, g : gbit — gbit Fpip (g o f)y : gbit
y: gbit, f, g : gbit — gbit FpHip (feg)y : gbit
X, Y. gbit, f, g : gbit —o gbit
—Hilp dif X then (g o f) yelse (fog)y : gbit ® gbit



Typing Rule 2: Embedding

Typing rule
[ I_Hilb \V/ A

[ I_CPM \V/ A

E.g.
X, Y. gbit, f, g : gbit —o gbit

—Hilh SWITCH(f, g, x, y) : gbit @ gbit
X, Y. gbit, f, g : gbit —o gbit
—cpMm SWITCH(f, g, x, y) : gbit @ gbit



X, Y. gbit, f, g : gbit —o gbit
—cpm SWITCH(f, g, x, y) : gbit @ gbit

X, y: gbit Fecpp letf=7 in
let g = & in
gif xthen (gef)yelse(feqg)y
- gbit @ gbit
Note: f and g cannot be substituted

qif X then (# o &)y
else (& o F)y



Categorical Semantics: Hilb and CPM

Compact closed categories

(F)Hilb: (finite-demensional) Hilbert spaces
+ linear maps

CPM: (biproduct completion of) Hilbert spaces
+ completely positive maps

Strong monoidal functor
i: Hilbo — CPM:;  fr+— fOf"



Categorical Semantics

[ I_Hile A

* No Boolean
.+ Unitary + linear lambda + qjf 1,

[M] € Hilb([[L']l, [[AIl)

[Fepy M : A [M] € CPM(I'T, AT

o Every types
. meas, |0), ...
* No qif



Operational Semantics

X, y: gbit Fcpp letf=7 in
letg =4 in
gif xthen (gef)yelse(feqg)y
- qbit @ gbit

Note: f and g cannot

be substituted

qif X then (¥ o &)y
else (& o F)y













Summary

. General controlled-& vs. quantum SWITCH

* Observation: Correspondence Problem
* Proposal: Linearity and 2-layer language
» Canonical categorical semantics (= no choice)

» Operational semantics by dilation



