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Programming with Quantum-Controlled Quantum Channels
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1 Introduction

The superpositions of |0) and |1) superpose data, and a natural question is whether superpositions
of programs are also possible. In recent years, affirmative results on this question have been
obtained and actively investigated, mainly by the physics community. A typical example is quantum
SWITCH' [Chiribella et al. 2013]. This operation takes a control qubit x, two quantum operations F
and G, and an input y. When x = |0), the SWITCH behaves as F (G y); when x = |1), it behaves as
G (Fy); and when x = o |0) + o1 [1) (with atp # 0 # 1), it behaves as a certain “mixture” of F (G y)
and G (F y). Roughly speaking, x controls the order in which F and G are applied. Notably, when
the control qubit x is in a superposition of |0) and |1), the quantum SWITCH exhibits peculiar
behaviour: whether F or G is applied first becomes ill-defined. This phenomenon is referred to as
no causal order or indefinite causal order and has been actively studied as an important topic in
quantum computation since the work of Oreshkov et al. [2012].

A programming language capable of expressing operations such as the quantum SWITCH is
important not only for describing and analysing procedures involving the quantum SWITCH, but
also for exploring as-yet-unknown but potentially interesting operations of a similar kind. This
paper aims to provide such a quantum programming language.

A natural idea would be to add a construct for quantum control, say qif, as a quantum analogue
of the classical if statement, which branches on a classical Boolean value. We expect the following
behaviour for qif x then P else Q. When x = |1), it behaves like P; when x = |0), it behaves like Q;
and when x is in a superposition of |0) and |1), it behaves like a “mixture” of P and Q. If such a
construct is available, one might try to express the quantum SWITCH as

SWITCH(x,y, F,G) = qif x then F (Gy) else G (Fy). (1)

While such a construct and the above “definition” might appear natural, no existing language
accepts it. Existing languages with quantum conditional branching either restrict F and G to the
class of unitary operations [Altenkirch and Grattage 2005; Bichsel et al. 2020; Sabry et al. 2018; Svore
et al. 2018], or, while allowing general quantum operations, exhibit behaviour on the right-hand
side above that differs from the quantum SWITCH [Badescu and Panangaden 2015; Ying 2016].

This paper develops a new quantum programming language with quantum control, enabling the
quantum SWITCH to be described in the aforementioned natural and intuitive way.

2 Existing Language with Quantum Control and Measurements

The quantum SWITCH [Chiribella et al. 2013] is an operation SWITCH (x, y, F, G) that takes a control
qubit x, an operand qubit y and two quantum operations F and G and returns a pair (x’,y") of the
control and operand qubits after the operation. When F and G have Kraus decompositions {H; };er
and {Kj} jeJ, respectively, the quantum operation SWITCH(—, —, F, G) on two qubits is defined by
the following Kraus decomposition:

SWITCH(-, -, F,G) = { |0X0| ® H;K; + [1X1| ® K;H; }(U)HX]. (2)

IThe quantum SWITCH is unrelated to the switch statement (as in C language).
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2 Kengo Hirata and Takeshi Tsukada

At first glance, this definition appears to depend on the choice of Kraus decompositions. Interestingly,
however, it is in fact independent of that choice. That is, for different Kraus decompositions {H}, }ycr
and {K]’., }jrej of F and G, even when the resulting Kraus decomposition {|0)0] ® Hl.',K]’., +|1X1| ®
K }H{/}(i', jnerxy differs from the one above, the two Kraus decompositions define the same
quantum operation. Hence, the quantum SWITCH is well-defined on quantum operations.

Badescu and Panangaden [2015] and Ying [2016] proposed languages with quantum conditional
branching for general quantum operations. We review their proposals and show that (1) does not
define the quantum SWITCH [Chiribella et al. 2013] in their languages.

In their languages, the semantics of a program P is a Kraus decomposition [P] = {H;}c;.* The
semantics of the quantum conditional branching by Badescu and Panangaden [2015] is given by

[Axy. qif x then P(y) else Q(y)] := { |0X0] ® /S +[1X1| ® & } , (3)
(i,j)eIx]

Vil ViTl

where [Ay.P(y)] = {Hi}ies and [Ay.0(y)] = {Kj}je; and |I| is the number of elements in I.
The coefficient 1/ \/m is needed for normalisation because H; appears |]| times in the above
decomposition (as |0X0| ® H;). The interpretation by Ying [2016] is similar but uses coefficients
different from 1/4/|J| and 1/+/|I|. As the precise values of the coefficients are irrelevant to the
following discussion, we focus on the semantics in Eq. (3).

However, the “defining equation” of the quantum SWITCH (1) is not valid in their semantics.
Assume that [Ay.F(y)] = {Hi}ie; and [Ay.G(y)] = {K|} cs. Then [F o G] = {H;K;} j)erxy and
[G o F] = {K;Hi} (i je1x)> 50

PR e 2 }
+
VI X J| VIIX ]| (i,j,i",j") EIXTXIX]

whereas SWITCH(—, —, F,G) = {|0X0| ® H;K; + |1X1| ® KjHi}(l.j)dXJ.

Another issue is the ill-definedness of the semantics on compfetely positive maps. A completely
positive map has many different Kraus decompositions: for example, F = {L,} and F' = {-L}
(where I, € Mat,(C) is the unit matrix) define the same completely positive map F(p) = F'(p) = o.
The semantics of a quantum conditional branching by Badescu and Panangaden [2015] and Ying
[2016] depends on the choice of Kraus decompositions, as they observed. For example,

[Axy. qif x then F(G(y)) else G(F(y))] = {lOXOl ®

[Axy. qif x then F(y) else y] = {L ® L} and [Axy.qif x then F'(y) else y] = {Z ® L,}.

3 Correspondence Problem

The key difference between the quantum SWITCH and the semantics in Badescu and Panangaden
[2015] and Ying [2016] is the existence of a correspondence of indices between then- and else-
branches. In the quantum SWITCH (Eq. (2)), common indices (i, j) are used in both the then- and
else-cases, whereas in the semantics of quantum conditional branching (Section 2), the indices (i, j)
and (i, j') for the then- and else-branches are selected independently.

This correspondence issue is also necessary for defining a Kraus-decomposition-independent
semantics. If F is a completely positive map and {H;};es is one Kraus decomposition of it, any
Kraus decomposition {H]I-}je[ can be represented as {H]'. := 2. uijH;} jer for each |I| X |I| unitary
map U = (u;j); jer- The semantics of Axy. qif x then F(y) else y can be calculated in the following

ZPrecisely speaking, the semantics by Ying [2016] is a function ¥ from a finite set I to operators. Here we identify such an
operator-valued function with the Kraus decomposition {¥ (i) }ier.
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Programming with Quantum-Controlled Quantum Channels 3

two non-equivalent ways:

{lO)(Ol ® L + |1X1] ®Hi} # {IO)(Ol ® L +|1X1 ® Z uini}
\/m iel \/m i jel
However, we need to consider not only the correspondence of indices, but also the correspondence
of implementations. Let us now consider that we have two completely positive maps F and G and we
have chosen Kraus decompositions of them with the same indices as {H; };c; and {K;} ;. Even in this
case, if we just replace H; with H; as above, we end up getting non-equivalent Kraus decompositions.
Instead, if we consider coherently reindexing the Kraus decompositions of {H; };er and {K}ey, ie.
take other Kraus decompositions of F and G to be {HJ’ =2 uijHi}jer and {KJ’ =2 uijKi} jer using
a common unitary U, then the following two Kraus decompositions define the same completely
positive map, because |0)X0| ®H]’. + [1X1] ®KJ’. =2, u;;(|0X0] ® Hj + [1X1] ® Kj).
{loX0l ® H; + [1X1] ® Ki};e; = {|0X0] ® Hj + [1X1] ® K}}jd
For the case of quantum SWITCH (2), when different Kraus decompositions are chosen for F or G,
then both branches change coherently as above because {H;} and {K;} appear in both:

{l0X0l ® HiK; + [1X1 @ KiHi} ;1) = {IOXOI® HK] + [IX1 @ KGH[} s

This is our explanation of why the quantum SWITCH defines a map that does not depend on the
choice of Kraus operations. If each Kraus decomposition is regarded as roughly providing one
implementation of the map, this phenomenon effectively amounts to requiring a correspondence

between the implementations of the then- and else-clauses.

4 Correspondence Ensured by Linear Type

We now discuss our language with quantum conditional branching and measurement, in which the
quantum SWITCH can be defined.

When designing a programming language with a unique natural semantics, we would like to
ensure that every well-typed program has the canonical correspondence explained above. This
can be achieved by using the resource-aware type system, namely linear types, which comes from
linear logic [Girard 1987]. With this linearity, we can ensure that each quantum operation appears
exactly once in both branches.

We divide the language into two sublanguages: a classical sublanguage in which measure-
ments are available, and a quantum sublanguage in which quantum conditional branching is
available. In the classical sublanguage, quantum branching is not directly permitted; in the quantum
sublanguage, quantum measurement is not directly permitted. However, through the following
form of interoperability, each sublanguage can indirectly make use of them. First, every program
P in the quantum sublanguage can be used directly in the classical sublanguage. There is no
embedding in the opposite direction. Nevertheless, we allow a variable defined in the classical
sublanguage to be used within the quantum sublanguage. That is, an expression of the form
letx = (---meas---) in [qif--- then (---x---)] is permitted, enabling us to handle measure-
ments indirectly within the quantum sublanguage. For the reasons discussed above, every variable
appearing in the quantum sublanguage must be used linearly, i.e., must be used exactly once in the
program. This linearity constraint also applies to variables defined in the classical sublanguage but
used inside the quantum sublanguage.

Syntax. The syntax is defined in Fig. 1. We do not distinguish those two sublanguages.
The language provides three base types: the qubit type gbit, the boolean type bool, and the unit
type unit. It also includes two type constructors, namely the tensor type A ® B and the (linear)
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4 Kengo Hirata and Takeshi Tsukada

Types A,B = qbit | bool | unit | AQB | A— B

Terms MN == x| ()| MN|AxM|MN|M®N
| letx=MinN |letx®@y=MinN | letx=% inM
| qif M then Nj else N, | if M then Nj else N,
| |1) | U | meas | true | not
Glob. Def. D = | D,defF =M

Fig. 1. Syntax. Here, U is an n-qubit unitary operator, and # is a name for a globally defined term.

3 A by M: A Quantum(A) U:Cc¥ — %, unitary
T;x: Avrcepm x: A ") ")
T; Avrcpm M: A ;X Abgip x: A 5 Faip U: gbit®” — gbit®”
T; Fepm |1) : gbit I'; repm true: bool I; rFcpm meas: gbit —o bool
3 A Faiy M: gbit s A Frp Ni: A s A Frip No: A FO(A)

3 A, A i qif M then Nj else N, : gbit ® A

Fig. 2. Selected typing rules. A program typed under gy, defines the quantum sublanguage, and a program
typed under cpm defines the classical sublanguage.

function type A — B. A type A is first order, written FO(A), when it has no function type —. A
type is purely quantum if it does not involve bool, and we write Quantum(A) to indicate that A is
purely quantum. The boolean type bool is not available in the quantum sublanguage.

Most term constructors are from the standard linear lambda calculus or from quantum A-calculi
as in Selinger and Valiron [2008]. The first and second lines are standard constructs in the linear
lambda calculus. An exception is the binding letx = % in M, which assigns a globally defined
constant & to a local variable x. We distinguish between a variable x and a globally defined constant
F because the latter is duplicable and discardable.® The third line contains two conditionals, qif and
if. The final line enumerates the primitive constants: qubit initialization |1), all unitary operators
U, measurement meas, and the boolean primitives true and not.

Type System. A typing context A (resp. I') is a finite sequence of x: A (resp. F : A).

This language features a linear type system with two derivation modes, g, and Fcpm. The
judgment ; A gy M: A is for the quantum sublanguage. Both the context A and the type A must
be purely quantum, preventing copying or discarding. The quantum conditional branching qif
is available only in this fragment. The boolean type bool, the classical conditional branching if,
and the measurement meas are not available. The judgment I'; A Fcpm M: A is for the classical
sublanguage. It augments the linear context A with a non-linear context I' for globally defined
constants that may be duplicated. Booleans, classical conditional branching and measurement are
available in this fragment, but qif is not.

The typing rules appear in the Appendix. We explain some selected rules in Fig. 2.

Most rules are inherited from the standard linear lambda calculus or the quantum lambda calculus;
some constructs are available in both judgments, whereas others are available only in Hilb or in
CPM, following the policy described above.

3A constant can be seen as a value of type !A. The distinction between variables and globally defined constants can be
avoided by introducing the !-type into the classical sublanguage. In this paper, however, we do not permit general !-types,
simplifying the exposition by restricting duplication to globally defined constants.
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197 The most important aspect is the mechanism enabling interoperability between Hilb and CPM.
198 The embedding rule at the top left derives a CPM-judgment from a Hilb-judgment, bridging the two
199 derivation modes. Conversely, the way in which CPM constructs (such as quantum measurement)
200 become available inside Hilb is subtly hidden and thus requires attention. The underlying trick is
201 that the type environment A does not record whether a variable x has been bound in CPM or in
202 Hilb. Consequently, variables defined in CPM can be used in Hilb, which indirectly enables the use
203 of quantum measurement and other CPM constructs within Hilb. For example, this allows us to
204 write a term of the form

:zz let f = (Aq. if meas g then X|1) else [1)) in (qif x then (-+-f---) else (---f+)).

207 Variable rules in Fgip and Fcpy are distinct for restricting global definitions and booleans from
208 the Hilb fragment. Each conditional is confined to its respective fragment: Quantum conditional
200  qif is available only in Hilb, where strict linearity is enforced, while if is available only in CPM.
210 The result types also differ: qif returns the conditional qubit (as a qubit is not discardable), whereas

211 if does not return the controlling boolean (following the convention).

ji Example 4.1. Now, the program for quantum SWITCH can be written as follows:

214 letf=(---)inletg=(---) in Ax,y.(qif x then g(f(y)) else f(g9(v))).

“® while allowing the variables f and g to be defined in the classical sublanguage where arbitrary
:13 completely positive maps, including measurements, can be defined. O
218 5 Categorical Semantics

219

Here, we provide our language with a natural categorical semantics. The fact that there is one clear
canonical choice of the semantics demonstrates that the correspondence problem identified does
not remain in our language with linear types.

Our model of the language consists of two compact closed categories: Hilb, the category of
finite-dimensional Hilbert spaces and linear maps, for modelling the quantum sublanguage, and
CPM, (the biproduct completion of) the category of completely positive maps, for the classical
sublanguage. The semantics [—]gip and [-]cpm can be defined in the categories Hilb and CPM,
respectively. These two semantics are often identified through the canonical functor Hilb — CPM
that maps a vector state |¢) to the corresponding density matrix |¢X¢|-.

The categorical semantics of types A is given by [A] as follows.

220
221
222
223
224
225
226
227
228
229
s [unit] =C, [qbit] =C% [A®B] =[A]®[B], [A - B]=[A]*®[B], [bool] =C @cpm C € CPM.

st Note that, since bool is considered only in the CPM-context, its semantics is defined only in CPM.

We define the categorical semantics of a derivation ; A Fygp M: A as a map [M]gip: [A]lmin —
[A]lmim, where [A] is the tensor product of the interpretations of the types in A, following the
convention of categorical semantics for linear lambda calculus. For CPM-terms, since a derivation
may have a non-linear context I', we define the categorical semantics of a derivation I'; A Fcpym
M: A parameterised by the valuation ¢ € [](%. p)er[B]cpm of non-linear context, i.e., a map
M]cpme : [Alcem — [Alcem.

The semantics of each derivation is defined in the Appendix. The rule that promotes a Hilb-term
into a CPM-term is interpreted via the embedding functor Hilb — CPM. Note that ¢([A]mb) =
[A]lcpm uses the fact that 1 preserves the compact closed structures. The two conditional terms qif
and if utilise the biproducts in each category. It is important that these terms are interpreted in
different categories as the biproducts differ in Hilb and CPM.

232
233
234
235
236
237
238
239
240
241
242
243
244 THEOREM 5.1. The categorical semantics of SWITCH (1) coincides with the quantum SWITCH. O
245
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3 A b M: A Quantum(A) I'; A,x: Arg M: B
TaramMA  SxAmmuA AT e M A~ B
I'; Arg M: unit I'' N rg N: A T';Arg M: A—- B I’ Nrg N: A
I; AN rg (M;N): A I'’ AN rg MN: B
I[Arg M: A I''Nrg N: B T Arg M: A I N,x:Arg N: B
AN s MON: A®B I AN Fgletx=MinN: B
I;Arg M:A®B  T;A.,x:Ay:Brg N: C U: C* — C?", unitary
[ AN rgletx®y=MinN: C s Faip U gbit®" —o gbit®”
; Faip () unit T; rFepm |1) : gbit T'; tcpm true: bool
I'; Fcpm meas: gbit —o bool I'; kcpm hot: bool — bool
5 A by M: gbit s A b Nit A s A by N2: A FO(A)

; A, A iy qif M then Ny else Ny: gbit ® A
T; A rcpm M: bool I; A Fepm Nt A I; A Fepm Nyt A FO(A)
T; A, A Fepym if M then Nj else Ny: A
(F:A) €T T; A,x: Arcpm M: B FD:T T; repm M: A
T; A Fopw letx = & in M: B F (D, def F = M): (T, F: A)

Fig. 3. Typing rules. The rules labelled g are shared between Fy;p and Fcpm. We omit the exchange rule,
which permutes the order of elements in A.

A Syntax and Type System

The typing rules appear in Fig. 3. Most rules are inherited from the standard linear lambda calculus
or the quantum lambda calculus; some constructs are available in both judgments, whereas others
are available only in Hilb or in CPM, following the policy described above.

The most important aspect is the mechanism enabling interoperability between Hilb and CPM.
The embedding rule at the top left derives a CPM-judgment from a Hilb-judgment, bridging the two
derivation modes. Conversely, the way in which CPM constructs (such as quantum measurement)
become available inside Hilb is subtly hidden and thus requires attention. The underlying trick is
that the type environment A does not record whether a variable x has been bound in CPM or in
Hilb. Consequently, variables defined in CPM can be used in Hilb, which indirectly enables the use
of quantum measurement and other CPM constructs within Hilb. For example, this allows us to
write a term of the form

letd = (Aq. if meas q then X [1) else [1)) in (qifx then (---d---) else (-+-d---)).

We discuss other aspects. Variable rules in Fyjp, and Fcpym are distinct for restricting global
definitions and booleans from the Hilb fragment. Each conditional is confined to its respective
fragment: qif is available only in Hilb, where strict linearity is enforced, while if is available only
in CPM. The result types also differ: qif returns the conditional qubit (as a qubit is not discardable),
whereas if does not return the controlling boolean (following the convention). We forbid function
types to occur in the conditional results by a technical reason. Global constants & in the non-linear
context I' can be referenced only in CPM. We can bind & to a local variable x, and once bound, x
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8 Kengo Hirata and Takeshi Tsukada

becomes linear even though & remains reusable. Any closed term M can be promoted to a global
definition.

B Categorical Semantics

We briefly review the definitions and properties of two specific compact closed categories, Hilb
and CPM: for details, see, e.g., [Selinger 2004a,b; Selinger and Valiron 2008].

The category Hilb is the category of finite dimensional C-vector spaces and linear maps. More
concretely, the objects of the category are natural numbers, each object n representing the n-
dimensional C-vector space C" spanned by |0),...,|n — 1), and the morphisms are C-linear maps
f: C" — C™. The category Hilb has a standard monoidal product corresponding to the tensor
product of the vector spaces, i.e., n ® m := n X m. The basis of n ® m can be given by the product of
basis as |00), 01),...,]|0(m — 1)), |10),...,|(n — 1)(m — 1)). The tensor unit is 1. The dual object
n* of n is given by the dual space, which is again n. The unit and counit morphism are defined by
M:l—nen' ar— aXly i) ® i) En:nf®n— 1, Zz;joaij i) ® |j) — 2 i
This category Hilb also admits biproducts defined by n @y, m := n + m. In particular, 1 ®gp 1 = 2
corresponds to C?, in which we interprets the qubit type.

The other category CPM of completely positive maps is defined as follows. An object of CPM is
a finite sequence 1 = (ny, . .., ng_1) of natural numbers. A morphism f € CPM(#, m) is a matrix of
completely positive maps (f;;: Mat,, (C) — Maty,;, (C)). The monoidal product in CPM is defined
by (ng,...,nk-1) ® (Mo, ...,me_1) := (nomy, ..., NoMe_1, R1My, . . ., Ng_1My_1). The monoidal unit
is (1), and the dual #* of 7 is again 7. The unit and counit morphisms are defined by

(Ma)1e: r =1 21X @ [iX] (endex: Z05 g @iy 1D ® 1EXG | V= Zij @i
This category CPM also admits biproducs defined by the concatenation of vectors 7 &cpym m = firm.
The biproduct of the monoidal unit (1) @cpm (1) = (1, 1) will be the semantics of booleans.

There are several important maps in this category. (a) For each object 71 in CPM, there is a discard-
ing map Tj: 1 —> (1) defined by the componentwise trace operator (T7)e,; : Zg’;;ol aij [ijl —
> @i (b) Each object 7 = (ng, ..., nk—1) in CPM is a retraction of (N) where N := Z’;:_ol ne. The
section s,: 1 —> (N) is the componentwise embedding of n; X n, matrices to N X N matrices
defined by [i)(j| — |Ng + iXN; + j| where Ny := ng + - - - + n,_1. The corresponding retraction
map r;: (N) — 7 is the projection to the corresponding element of the matrix. For the case of
i = (1,1), we define m := r(1 ;) and call it the measurement map.

There is a canonical functor in one direction :: Hilb — CPM, which we call the embedding. This
functor is defined by «(n) := (n) and 1(f)(p) := fpf . This functor preserves the compact closed
structure on the nose. Equially important is that the biproduct is not preserved by this embedding.

The semantics of derivation is defined in Fig. 4.
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[ 5 A vrain M: Alcem =t 5 A Fain M: Al [x: A] = idﬂA]] [M;N] = [M] ® [N]
[AxA.M]) = Aa[M] [MN] =ev([M] ® [N]) [M® N] =[M] ® [N]

[letx = M in N] = [N]oan ([M] ® ida) [letx ® y =M in N| = [N]oapa ([M] ® ida)
[0] =id, [U]=U M) cem = |1X1] [meas]cpm = m [true]cpm = inry;
[not] = swapg,.,,, [qif M then Nj else NoJmi = de;;ﬂb([[Nz]] ®uitb [N1])deyy, ([M] ® ida)
[if M then Ny else NaJcpm = (T (1,1) ® ida)dgr,,, (IN2] ©com [N1])decey ([M] ® ida’)

flet f = F in M], = [M] o (idp ® o(F)) [D, def F (x*) = M] = [D] U (F + [M])

Fig. 4. Categorical semantics for Qif. Here, ev: (A — B)®B — Bis the evaluation map, c45: A®B = BQA s
the braiding, dg, : A® (1®g1) = A®g Ais the distribution isomorphism, m: (2) — (1, 1) is the measurement
map, T : I®&I — I is the discard map, and Ay (—) maps a morphism f: X®Y — Z toamorphismX — Y —o Z.
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